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Problem: The Gross-Neveu model, symmetries,
mean-field approximation and Goldstone modes

The subject of the problem is the famous Gross-Neveu model. It has been studied a lot in
the 1970’s in the high energy physics community, as a theoretical laboratory to investigate non-
perturbative phenomena in strongly interacting quantum field theories. From a solid-state physics
standpoint, it appears as a rather natural generalization of the Luttinger model with spin, where the
global symmetry group SU(2) is replaced by SU(N), N arbitrary positive integer. A lot of attention
has been dedicated to the large N limit, for which a rather appealing physical picture has been
proposed by E. Witten in 1978, using an approach based on path-integrals. The following problem
aims at presenting this physics from the viewpoint and methods used in the course.

Before moving on to the Gross-Neveu model proper, we are going to review two technical points
related to second quantization in the continuum : fermion doubling, and normal ordering.

1 Fermion doubling

Consider a non-interacting, one-dimensional tight-binding model on N sites with periodic-boundary
conditions?.

N
H = —tz (c;ch + h.c.) , CN+4j = Cj
j=1

As we have seen in the tutorial about the Hubbard model, such a quadratic model is straightforward
to solve. We have

H = Z Ekézék, € = —2tcosk
k

where

1 .y 27
T ikj 1 _ _
G, = E e, k=—m, m=01,--- ,N—1
FUN - J N

At half-filling, all the states with a negative energy are filled.

e To simplify our analysis we will assume that the number of sites N is even. What is the ground
state 7 Show that for N = 0 mod 4, the ground state is four-fold degenerate. This is due to
the presence of so-called zero modes (modes with an energy 0). Show that when N = 2 mod
4, the ground state is unique. Argue that the ground-state energy diverges when N — oc.

!The other natural boundary condition for fermions is anti-periodic : cn1j = —¢;
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We are concerned with the thermodynamic limit of this simple model of one-dimensional
fermion. Before taking the thermodynamic limit, we first re-introduce the lattice spacing
a, so that sites are located at positions x = ja, and the total chain length is L = Na. The
thermodynamic limit is obtained by taking a — 0, N — oo, keeping = and L constant.

The low energy/ long distance physics is dominated by the momenta close to the Fermi surface.
The relevant momenta values are k = 7 + agq, with ¢ not to large?. It is then natural to drop
the fast moving degrees of freedom and only keep the low-energy terms in the Fourier expansion
of the fermion operator

1 Y a s . s ) ‘
cj=— E el — = | ei2d E Cx e’ ? +e72) E Com g |, where x = ja
N k L q q

™

We get a left moving fermion around k = —7, and a right moving one around k = 7. They are
called left (resp. right) moving because their (linearized) dispersion relation is €(k) = —vpk
(resp €(k) = vrk).

1 ~ iqxr 1 ~ iqr
Ur(z) = V'L ch-mqe B Up(z) = \/;Zc_g+aqeq
T crla) e

we get

c;=+a (e’”j/Q\I!L(x) + ei“j/z\IlR(x)) , T = ja

e Argue that in the limit a — 0 the two fermions ¥ and Wi become independent : the lattice
fermion operator c; yields two fermion fields in the continuum ! This phenomenon is due to
the fact that there are two momentum region in the low-energy limit. Are the fermions ¥,
periodic 7 Show that we have

{Uh(2), Wy ()} = byapd(x — ')

e Show that in the continuum limit, the non-interacting fermionic Hamiltonian becomes

H=uvp /OL dz i (qu(x)ax\h(x) - \p;(x)axqu(x)>

=0 > a (ch@ena) - e (@):(@)

What is the Fermi velocity vg 7

2Not too large meaning that we stay at low energy, in the regime where the dispersion relation can be linearized.

M2 ICFP Theoretical Condensed Matter 2



Tutorials 2020-2021

2 Normal order

e Let us denote by |GS) the ground state (Fermi see) of the continuum model, which we are
going to call the vacuum. Show that for ¢ > 0 we have

ch(—=q)|GS) =0 and  cg(q)|GS) =0
ch(@|GS) =0 and ¢ (—¢)|GS) =0

Comment on the energy of the ground-state.

The ground-state energy problem is typical of a field theory, and is due to the infinite number
of degrees of freedom. It is however very easy to circumvent. Before taking the continuum
limit, we can subtract the GS energy from the Hamiltonian, which amounts to put the GS
energy to 0. The Hamiltonian in the continuum becomes

Hp =ve > q (: ch@en() : = ) (@)2(a) )

where the normal ordered product : cf (k)c, (k) : is defined as
sy (k)eq (k) = cf (k)ey (k) — (GS|ef () e (k)| GS)

e Show that
. _ [ —ek)ep(k) i k>0 , o c(k)er(k) if k>0
ey (ke (k) ‘_{ A (K)er(k) it k<0 cr(R)en(k) ‘_{—CR(k;)c;(k;) if k<0

So far we have defined the normal order of quadratic terms : ¢l cs :. For more general expression,
normal order is defined by moving all the ¢ and ¢ that annihilate the ground state to the right,
with a global sign that account for how many ¢ and ¢! have been permuted in the process. For
instance, assuming ¢; <0, ¢o > 0, g1 + k > 0, g5 — k < 0, we have

s ch(qe — K)ch(q + B)er(a)er(ar) = —chlq + k)er(q)ch(a — k)er(q)

because between these four operators, only cz(g1) and ¢, (g, — k) annihilate the GS. The relative
order of the operators that annihilate the GS can be chosen freely (it just changes the sign).
Likewise for their hermitian conjugates. So we could just as well write

L (g2 — k)eh(q + k)er(g)er(ar) : = crla)ch(a + k)ch(g — k)er(q)
= —cn(q)ch(q + k)er(q)ch(q — k)

3 Gross-Neveu model

The Gross-Neveu Hamiltonian reads:

Hen = ZZk(:cEU(k)cRo(k): — b (k)ewo(k)?)

k o=1

—i—Ngl/O dx :(’)(m)@*(m):—i—g—]\?/ dx ng(z)ng(zx): (1)

0
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We use units in which A = 1. The system in one-dimensional with length L, and periodic
boundary conditions. The symbol :: stands for normal-ordering, R for right-moving fermions and L
for left-moving fermions. The generalized spin index o runs now from 1 to N. The operator O(x) is
defined by:

Z Ul ()0, (2 (2)

The local charge densities ng(x) and np(x) and the total charges Ng and Np, are:

x) = Z\Iflo(x)\llag(x), N, = /0 dr ne(z): (3)

In the sequel, it will be often made use of

J = Nr— Ng.

The conventions for the Fourier transforms of the fields W, (x) are fixed to:

U, (x) fz ek e (k) = % /0 dz e W, (). (4)

1. What is the Fermi surface of the free model 7 What is the Fermi velocity ?

2. The Luttinger model neglects some terms in the local density. Show that taking these terms
into account give the Gross-Neveu Hamiltonian.

4 Symmetries

3. What are the commutators [J,O(z)] and [J, OT(z)] ?

4. Check that J commutes with Hgyn. The associated symmetry is often called chiral symmetry
in the high energy physics literature.

5. It is interesting to see how this symmetry J acts on basic operators. Let us introduce
U(g) = '’

Evaluate then U (9) g, (¢)U(6) ™", U(@) V], (2)U(6)™", U(@)nr(2)U(6)™, U(d)ne(«)U(6) ",
U(¢)O(x)U(¢)~", and U(¢)O (x)U(¢) .

6. Another symmetry of Hgy is the particle-hole symmetry. It is implemented by the linear
operator C defined by:

C=1, CUL (2)C =g, (x), CUl (2)C=—-V,, () (5)
What are the operators CO(z)C and CO'(z)C ?
7. Finally, we will also need reflection symmetry P. It is defined by:
P2=1, PUL (e)P=U] (—z),  PU_(2)P =Vl (—x). (6)
What are the operators PO(z)P and PO'(z)P ?

M2 ICFP Theoretical Condensed Matter 4



Tutorials 2020-2021

5 Symmetries and response functions

For a system with an unperturbed Hamiltonian H, and a time dependent perturbation dH (t) =
A(t)B(t), the response function Rp(t — t') is defined by:

5 (A) (t) :/dt’RAB(t—t’))\(t’), (7)

where 0 (A) (t) denotes the change in the expectation value of the observable A at time ¢ induced by
the perturbation. We recall that if the system is initially in its ground-state |¥y), we have:

Rap(t —t') = =i (Wo| [A(t), B(t')] [Wo) Ot — 1), (8)

where A(t) and B(t') are in the interaction picture with respect to Hy. We suppose that there
is a symmetry operation, described by the unitary operator U, which leaves both Hy and |¥)
invariant, i.e. UHy = HoU and U |V¥,) = |¥(). We may also assume that A and B depend on a
spatial coordinate, in which case we will write A(x) and B(x). Then, it is possible to expand these
operators in Fourier modes:

A@)=> €A, Bx)=> "B, (9)

Here A, and B, carry momentum ¢. This means that the action of A, or B, on any state with
momentum k produces a state with momentum k + q.

8. If we denote A’ = UAU !, and B' = UBU ', then show that Rap(t — ') = Rap/(t — t').

9. Write down a spectral decomposition of the Fourier transform (with respect to both space and
time) of RA(QC)A(O).

10. We suppose that the unitary symmetry operator U satisfies UA, U™ = 7A_,, with 7 = +1.
Show that Raa(q,w) is even in ¢, that SR44(q,w) is odd in w and that RR44(q,w) is even in
w.

6 Mean-field approximation

Using renormalization group analysis in the second part of this problem (in some weeks), we will
see that g is irrelevant for positive and relevant for negative values, giving rise to a strong coupling
phase. Anticipating this result, we will now attempt to understand better this strong coupling phase.

In this part, we set go = 0 to simplify the discussion, and we write g for g;. The mean-field
approximation amounts, as usual, to replace the quartic operator : OO": by the combination <(’)T> O+
(O) O1, supposing that the average is independant of .

11. Why is the mean-field approximation also called large-N approximation ?

12. Introducing A = g (O) = |Ale®, determine the energy spectrum of the mean-field Hamiltonian
Hyr. What are its properties ?
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13. Check that Hyr is diagonalized in the quasiparticle basis whose associated creation operators
are given by:

O _, 0 -
di, (k) = sin Eke_“b/Qcka(k) + cos gkem/zcza(k:) (10)
(k) = cos %e‘wﬂcko(ls) — sin %ewﬁc}a(k) (11)

Here, we have introduced the angle 8, defined by:

A
cos O = kK sin 0, = Al (12)

; k —
/K2 + AP /K2 + | A
14. Write explicitely the self-consistency equation for the parameter A.

15. Does the phase ¢ enter in the self-consistency equation 7 What can we say from the symmetries
of the mean-field ground state ? How is this related to the phase ¢ ?

16. Building from the previous question, by which physical argument are the mean-field solutions
discredited ?

17. For which values of g is there a non-trivial solution, i.e. with A # 0 7 Evaluate |A| in the
thermodynamical limit as a function of ¢ using two hypothesis:

e we introduce an ultra-violet cut-off on allowed momenta:. we impose |k| < A,

e we assume that the coupling is not too large, so that |A| < A.

7 Collective modes

In this section, we shall consider the collective excitations of the system in the vicinity of the self-
consistent mean-field ground-state with ¢ = 0. This means that (O) is real. In the sequel, it will be
useful to distinguish between amplitude and phase fluctuations of the order-parameter (O). For this,
we define two hermitian components:

Oula) = L(O@) +0'(x),  Ox) = L(0'(x) ~ O(a)) (15)

The a-direction in order parameter plane is then associated to amplitude fluctuations and the b-
direction to phase fluctuations.

18. Write the interaction term in Hgy with O,(z) and Op(x). What is now the mean-field Hamil-
tonian ?

We will study collective modes in the spirit of the Random Phase Approzimation (RPA).
For this, we impose to the system, initially in a mean-field ground-state of Hgy, an external
perturbation:

SH(t) = /0 0 (howea (2, 1)Ou(2) + hose (1, ) O (1) (16)

The perturbation will modify the expectations values of O, and O,. As usual in the RPA, we
take interactions into account by a space and time dependent deformation of the self-consistent
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19.
20.

21.
22.

23.

24.
25.
26.

27.

28.
29.
30.

31.

32.

field acting on the underlying particles. The RPA assumes then that the fermions respond as
if they followed the mean-field Hamiltonian Hyp, in the presence of local fields hioe a; Piocp,
where:

hloc,i = hext,i + 2]\795 <Oz(x)> : (17)

In order to relate 6 (O4(x)) and 6 (Oy(z)) to local fields, we use response functions R;;(q,w) =
Ro,0,(q,w), (i,j = a or b), evaluated in the ground-state of the spinless version of Hyp. This
choice allows a simple tracking of the N-dependency of the order-parameter dynamics. In clear,
we assume:

5 (0)) (0:9) = 55 D Riy(a )i (0:) (18)

j=a,b
Explain the 1/N factor in the previous equation.

Give general expressions for the local fields hiei(q,w) and the order parameter fluctuations
d (O;(7)) (¢, w) in terms of the external fields hext ; (¢, w). In particular, the latter relations will
serve to define dressed response functions REPA(q,w) in the RPA.

What happens to R\ (¢,w) in the N — oo limit ? Does this sound reasonable ?

What are the operators CO,(z)C and COy(z)C ?

Show that Hyr for ¢ = 0 commutes with the particle-hole symmetry operator C and that its
ground-state is invariant under C.
What can we infer from this for R,;(q,w) ?

What are the resulting dressed response functions R (q,w) ?

Another very interesting phenomenon appears: there is a pole in Riy*(q,w) at (g,w) = (0,0).
Show that this is not a coincidence and that the existence of this pole can be predicted.

Show that Hyr for ¢ = 0 commutes with the reflection symmetry operator P and that its
ground-state is invariant under P.

Show that R,,(q,w) and Ry(q,w) are even functions of ¢ and even functions of w.
Show that SRu.(q,w) and SRy, (g, w) are identically zero for w not too large.

The previous remarks show that the Taylor expansion of R.,(¢,w) and Ry(q,w) near (q,w) =
(0,0) has then the form Rj;(q,w) = R;;(0,0) — Mw? + piq> + ..., i = a, b.

The coefficients R;;(0,0), A;, i; are real numbers. Show that A; > 0.

We will assume that u; > 0. Show that it is the case if we neglect the variations of the matrix
elements of O, , with ¢, (0|O; 4|a,), where |a,) is a particle-hole excited state of momentum g.

A complete calculation shows that Ry,(0,0) < Re.(0,0) < 0. Deduce from this informations
and from the previous questions the poles of R;;(q,w) near (w,q) = (0,0).
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33. We define the symmetrized correlation function Cy;(z,t)s by:

Cz‘i(x?t>s = ((Oi<x7t)02'(0? O)) + <Oi(07 O)Oi(xvt») : (19)

1
2
The fluctuation-dissipation relation at zero temperature states that the Fourier transform of
this correlation function is related to the corresponding response function by:

Cii(q,w)s = —SRy;(q, w)sign(w). (20)

Use it to estimate the qualitative behavior of the correlation functions Cj;(x,t = 0)s. How do
these results precise the physical picture for the low energy dynamics in the large N limit ?
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