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We analyze the symmetries of the sixteen-vertex model. We prove the existence of a natural parametrization of the parameter 
space of the model by elliptic curves, grounding the inversion trick for the exact calculation of the partition function. We proceed 
with a "pre-Bethe-ansatz" system of equations whose analysis produces an algebraic modular invariant and yields candidates for 
criticality and disorder conditions. 

1. Introduction 

The results we describe here concern statistical me- 
chanics on lattices (vertex models for the case). We 
emphasize the existence of a large group of symmetry 
acting on the parameter space of lattice models, and 
analyze these symmetries in the case of  the general 
sixteen-vertex model on a two-dimensional square 
lattice. Our results take their roots in the theory of 
intcgrable lattice models [ 1 ] in statistical mechanics 
and field theory, but concern very general (integra- 
ble or not) models, and in particular extend to higher 
dimensions. 

One of the recurrent fcatures of  integrability is the 
emergence of algebraic curves in the parametrization 
of the models. These curves are the core of thc reso- 
lution of the models, be it through the Bethe ansatz 
[2,3 ], the description of the solutions of the Yang- 
Baxter equations, or the implementation of inver- 
sion relations [4,5]. We have shown recently how 
these curves may be generated by the action of an in- 
finite group (denoted F in the sequel), which hap- 
pens to be the symmetry group of the Yang-Baxter 
equations, and we have correspondingly introduced 
thc notion of quasi-integrability (see refs. [ 6-10 ] ). 
What is essential is that the group F not only acts as 
a symmetry of integrability but is a symmetry group 
of the whole phase diagram whatever the model is. This 
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is what we use here in the case of  the sixteen-vertex 
model on a square lattice [ 11 ], aiming at exact re- 
suits beyond the border of integrability. 

We show that the orbits of  the group F stay on el- 
liptic curves in the parameter space, furnishing the 
most appropriate parametrization to describe the 
physics of the model. Wc give the equations of  these 
curves. We then show how the action of F is compat- 
ible with weak graph duality (gauge) symmetries 
[ 12,11 ] and give a full set of  algebraically indepen- 
dent gauge invariants, with remarkable transforma- 
tions properties under F. We proceed with a "pre- 
Bethe-ansatz" system of equations whose analysis 
produces an algebraic modular invariant, and candi- 
datcs for criticality and disorder conditions. 

2. The model 

The model is a vertex model on a square lattice, 
with spins taking two values on each bond. The 
Boltzmann weights are arranged in a 4X4 matrix R 
of entries r~z corresponding to the configuration 

i k 

We alternatively use for R the notation 
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/ / ) r'll r l l  r~I r22 a, a2 bl b2 

I R= rI~ rl~ r~ r = _  a3 a4 b3 b4 
r 2 1  21 21 21 - -  I ' l l  r12 r21 r22J ~Cl c2 dl d2 

2 2  \ r~  r~ r~ r22] \C3 C4 d3 d4 

The model is insensitive to a rescaling of all entries 
by a common factor. The complexified parameter 
space is thus the projective space CP15. A number of 
transformations act on R: the group F of symmetries 
of the Yang-Baxter equations, and the group G of 
gauge transformations. We shall also describe in sec- 
tion 5 a larger group GB~m,, containing G as a 
subgroup. 

2.1. The group F 

It is generated by involutions represented by non- 
linear (birational) transformations [6-10]:  the in- 
version I (inverse for the 4X4 product in ~ ' ) ,  the 
partial transpositions t~ and t2, and the full transpo- 
sition t defined by 

Z 0 . o t . B  ~i + (1R ),~I3 rkl --20k~ , ( 1 ) 
etlt 

with ;t an arbitrary multiplicative factor, and 

R i ~: (tt )~l=r,t ,  (t2R)~l=r~, t=tl t2.  (2) 

The matrix R is an element in . / /=  M ® d  with .~' the 
algebra of 2 × 2 matrices. The indices 1 and 2 recall 
that we act only on the first (respectively) second 
factor ~¢ in .~. The inversion I commutes with t but 
does not commute with t~ or t2. 

2. 2. The group G 

In contrast, the gauge group G = s12 × sl2 acts line- 
arly on R by similarity transformations (see ref. [ 11 ] 
for details): 

l f g = & × g 2 ,  g ( R ) = g F t g £  I"R'gtg2. (3) 

3. F-orbits 

The pictorial analysis already proposed in refs. 
[6,9] produces fig. 1 as a typical picture of the orbits 
of F (projection of the orbit on a coordinate two- 
plane). 
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Fig. 1. Orbit of F. 

The picture demonstrates the existence of curves on 
which the discrete orbit is dense. We have found 18 
algebraically related quadratic polynomials (p~ ..... 
Pt 8) having simple transformations under F. Setting 

Ii =a la4- -a2a3 ,  

13 = bt b4 - b2b3, 

15 =a~ dl - b l c l ,  

17 =a3d3 -b3c3, 

1 2 = d l d 4 - d 2 d 3  , 

/4 = C l C 4  - - C 2 C 3  , 

16 = a2 d2 - b2c2, 

l 8 = a 4 6 / 4  -- b4 c4, 

19 =al  d4 - b 2 c 3  +a4dl -b3c2, 

110 =al b4 - b2a3 + a4bl -b3a2 , 

lll =el d4 -d2c3 + c4 d, - d 3 c 2  , 

112 =al  c4 --a2c3 + a4ci --a3c2,  

/13 =bt  d4 -- b2d~ +b4dl - b 3 d 2 ,  

ll4=ald2-b2cl +azd l -b l c2 ,  

It5 =al d3 - b l  c3 +a3dl -b3cl , 

116 =a3d4 -b4c3  +a4d3 -b3c4  , 

lt7 =aed4 -b2c4  +and2 - b 4 c 2 ,  

118 =baCl +C4bl - a 2 d 3  - a 3 d 2  , 

and 
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p, =l~ +12, /72 =l, -12, 

/74=13-14, ps =ls +/8, 

p7=16+[7, p8=16-17,  

Pio =l~o +l,~ +l,z +l~3,  

/7~4 =lla + l,s 

p,6=l,4--115 

thcn 

I ( p , )  =)- 'r i 'Pi  , 

II (Pi) = +/7i, 

+1,~ - l ,  3, 

q-l.6 +liT, 

+1,6 -l~7, 

p~=l~ +l.  . 

p~ =15 -18, 

p9=19, Pl8=l, 8, 

p, , = l , o  + l, , -112 - l , 3  , 

Pl3 =l,o - l i ,  - l , z  +113 , 

Pl5 =1,4+1,5 - - l , 6  - -[~7 , 

1717 = l , 4  - - l l  5 - - l ,  6 "-1- l, 7 , 

(4) 

12(Pi)= +Pi. (5) 

Appropriate ratios of  the p~'s yield 17 algebraically 
related invariants of  F. The equations of the curves 
of fig. 1 are obtained by setting these invariants to 
constants. They generically have the infinite group F 
as group ofautomorphisms, and are consequently of 
genus 0 or 1. The p{s verify three algebraic identities 
which may be written as equalities between poly- 
nomial expressions ~ ,  .~3, .~4 written indifferently in 
respectively g~={p,, P2, P3, /74, /7,o, P I t ,  /7,2, P,3,  

p 9 + P l s }  a n d  ~={p~ ,  P6, P7, PS, /7,4, P,6,  P,5,  /717, 

Pg-P18}: 

,~( ,~ ) = a'~z(:~2), i=2 ,  3, 4 ,  (6) 

with 

.~(.~,) = 4 ( - p 2  + p ~ - p ~  +p4) 
2 2 2 2 +Pm +P,~ - P  12 --P 13 - - 4 ( P 9  -t-/7,8) 2 , 

~ ( ~ )  = ½(p, - p ~ ) ( p 2 o - p 2  ) 

+ ' (p, +p~)(p2: -/72~) 

+P,3Pll P2 --Pl2P,l P4 +Pt3P,oP4 --P12P,oPz 

+ 2(P9 + P.8) (p2 + p~ _p,2_p~)~ , 

~4 =order  four polynomial.  

There are 18 more quadratic polynomials q,, ..., q,8 
with transformation properties like (4), but not in- 
variant by t, or t2. These polynomials can be ob- 
tained from the p{s by exchanging the two middle 
columns of R. 

4. G-orbits 

The action of G and F do not commute. Howevcr 
G and I do commute and t, (respectively 12) sends 
orbits of  G onto orbits of  G. Consequently the action 
of F projects down to the quotient space .~ =~q/G.  
One should keep in mind that this quotient space may 
not be a smooth manifold, but rather a stratified space 
since all gauge orbits do not have the same dimension. 

We use the previous results to construct a number 
of  G-invariants. Indeed G acts linearly on p~, ...,/7,8, 
(respectively q, .... , q,8)- Among the G- and F-invar- 
iants of  the representation on the p{s, we get 

,~ =2pl -t-p9 + /7 ,8 ,  "¢2 = 2p5 -I-p9 - -P ,8  , 

.ff.~ 2 2 2 • = 4p2 +/7,,, -P,3 ,  .~ = 4p~ +/7 74 - p 2 7 ,  

• ¢5 =24t~ +8t~" t~- - 2 t ;  ~ tg-, 

,-~6 =24t~ + 8t + tg +2tg- t~-, 

J7=t~ ( t ;  )2 +ty  (t~ )2 

+16t  3 - 1 6 h t ~ t i - - 2 t , t  + t~  , 

~ = t + ( t f f ) 2 + t 4 ( t 6 )  + 2 

+ 16t 3 - 16t~ t2- tz  + 2t2 t2- t ; - ,  

with 

tt =~(P , -Pg -P ,8 ) ,  t2=~(Ps-Pg +P,,) , 

t~ = P 3  ± P 4 ,  I~- =177 -I-/78 , 

t~ =P,t +Pl2, t~ =/715 +P,6 . 

The O-invariants .~, ( i=  1, ..., 8 ) form a system of rank 
7, and appropriate ratios yield six G- and F- 
invariants. 

Similarly the simplest G- and I-invariants we get 
from the q{s are 

J ,  =4(q2 _qZ +qg _q2) 

2 2 2 "~ 9 
+ 8 q 9  - - q , I  --6112 "b q~4 -k- qT7 , 

J2=4(q2-q~  +qZr-q2) 

+8q]8 -q20 -q23 2 2 + q l s + q 1 6 -  

We may complement them by any t, (and t2) G- 
invariant of  the form tr(Rq), the simplest being the 
trace t r (R) .  We thus get nine algebraically indepen- 
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dent gauge invariants, which define a finite covering 
over the quotient space Q. 

5. Towards Bethe ansatz 

One of the keys to the Bethe ansatz is the existence 
(see eqs. (B.10), (BI la) in ref [2] ) of vectors which 
are purc tensor products (of  the form v®w) and 
which R maps onto thc pure tensor product v'® w'. If 

w(;) 
then the solution of the "pre-Bethe-ansatz" equation 

R( v®w) = ktv'®w' (7) 

verifies the two biquadratic relations 

14 +l, ,p - l~2P'  +lzp2 +ll p,2_ (19 +I~8)PP' 

- / t3  p2p, + llo pp,2 + 13 pZp,2 

= 0 ,  (8) 

17 + ll6q--llsq' + lsq2 + lsq "2- (19 --l~8 )qq' 

--llTq2q'+ ll4qq'2 +16q2q '2 

= 0 .  (9) 

The group GB~th~ = S12 X s12 X s12 X s12 acts naturally 
on (7): the four copies ofsl2 act respectively on v, w, 
v', w'. This induces a linear action on R, 

R ~ g  fi I "g~t! "R'gIR "g2R , 

i.e. homographic transformations on p, p', q, q', and 
linear transformations on the l,-'s. This linear repre- 
sentation has three invariants associated to each of 
its two nine-dimensional irreducible components. The 
two components reflect the partition of the l~'s from 
(8), (9). The three invariants are nothing but ,~, X3, 
~4. Furthermore ~ is invariant under the large group 
S13 X s13, since it is the determinant of a 3 × 3 matrix 
the entries of which are the coefficients in (8). 

The parametrization of (8), (9) is obtained as fol- 
lows: the discriminant A of (8), considered as a de- 
gree two polynomial in p, is a polynomial of the form 

d=o~p'4 + 4flp'3 +67p'2 + 4fl'p' + ot ' . (10) 

The transformations of  A under homographic trans- 

formations o f p '  have two fundamental invariants g2 
and g3 and the classical [ 13 ] modular invariant J =  

2 o3  g3/(~, 2 - 27g.~). 

g2 = ota ' - -  4tiff '+ 3y 2 , ( 1 1 ) 

g3 =aYOt'+ 2flYfl '--afl '2--a'fl2--~ 3 ; (12) 

g2 and g3 are also invariant under the homographic 
transformations o fp  (since A is). 

Exchanging the role o fp  and p' ,  or, more remark- 
ably, applying the same approach to eq. (9) leads to 
identicalg2 and g3. The latter is a direct consequence 
of the constraints (6), since g2 and g3 are expressible 
in terms of ,~, X3, .g4: 

4 g 2 = 5 ~ ,  (13) 

g3 = i~2s ( 4.¢g3 - 192gff2.~- 27JC32) . (14) 

For J =  ~ the elliptic parametrization degenerates 
into a rational one. This leads to a special variety in 
the parameter space and yields candidates for alge- 
braic criticality and disorder conditions [ 1 ]. 

There exist a number of models for which g 3 _  
27g32 factorizes and becomes handable. Such models 
are obtained by imposing relations between the en- 
tries of R. We may consider for instance the following 
generalizations of the Baxter model: 

( a l=d4 ,  a2=d3, a3=d2, a 4 = d l ,  

bl=c4, b2=c3, b3=c2, b a = c l ) ,  (15) 

(a2 =a3 =bl  =b4 =c! = C  4 =d2 =d3,  

al=d4,  a4=dl,  c2=b3, b2=c3). (16) 

Condition J = ~  factorizes into simple low degree 
components. In the instance of (16), these compo- 
nents are of the typical form 

(al +b3-a4-b2)  , 

(a~ + b 3 + a 4 + b 2  +4a2) , 

(al a4 +b2a4 + b 3 a 4 - a ] - 2 a ~ )  , 

where one recognizes straightforward generalizations 
of the disorder and criticality conditions of the Bax- 
ter model [ 1 ]. Noticeably, these conditions appear 
on the same level. 

The explicit elliptic parametrization shows that 
t~ltzI as well as the exchange ofp and p '  (respectively 
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q and q ' )  are realized as a shift o f  the spectral pa ram-  
eter  (see for instance ref. [3]  ). 

Remark. We can perform the same symmetry  anal- 
ysis in higher d imension,  since all the symmetry  
groups we have used here have thei r  general izat ions 
to d imension  3, 4, ... [9] .  For  instance the results o f  
section 5 reproduce  themselves,  mutat is  mutandis ,  
yielding to an inter twinning of  three or  more curves 
by matrices R living on higher d imensional  varieties.  

6. Conclusion 

We have proved the existence o f  a canonical  pa-  
rametr iza t ion  o f  the Bol tzmann weights of  the six- 
teen-vertex model.  This parametr iza t ion  by ell iptic 
curves yields a f ramework for the use of  the so-called 
inversion trick [4] in the exact (and  straightfor- 
ward ) calculation o f  the par t i t ion function [ 14 ]. 

In addi t ion  to this parametr iza t ion ,  the complete  
analysis o f  the symmetr ies  o f  the model  brings to the 
light a remarkable  algebraic variety ( J =  ~ ). This va- 
riety is stable by the entire group o f  symmetr ies  and 
is a candida te  for the cri t ical i ty and d isorder  
condit ions.  

We actually believe that  getting at the modula r  in- 
variant  J is extracting the very substance o f  the in- 
variance propert ies.  The foliat ion of  the paramete r  

space by the values o f  J then becomes a structuring 
feature for any result concerning the phase space o f  
the model.  
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