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Abstract

We present a general method for analytically factorizing the n-fold form factor
integrals f 1&,"3\, (¢) for the correlation functions of the Ising model on the diagonal
in terms of the hypergeometric functions » Fy ([1/2, N +1/2]; [N +1]; t) which
appear in the form factor f,f,l)N (r). New quadratic recursion and quartic
identities are obtained for the form factors forn = 2, 3. Forn = 2, 3, 4 explicit
results are given for the form factors. These factorizations are proved for all N
for n = 2, 3. These results yield the emergence of palindromic polynomials
canonically associated with elliptic curves. As a consequence, understanding
the form factors amounts to describing and understanding an infinite set of
palindromic polynomials, canonically associated with elliptic curves. From
an analytical viewpoint the relation of these palindromic polynomials with
hypergeometric functions associated with elliptic curves is made very explicitly,
and from a differential algebra viewpoint this corresponds to the emergence of
direct sums of differential operators homomorphic to symmetric powers of a
second order operator associated with elliptic curve.

PACS numbers: 05.50.+q, 05.10.—a, 02.30.Hq, 02.30.Gp, 02.40.Xx
Mathematics Subject Classification: 34MS55, 47E05, 81Qxx, 32G34, 34Lxx,
34Mxx, 14Kxx

1. Introduction

The form factor expansion of Ising model correlation functions is essential for the study of
the long distance behavior and the scaling limit of the model. This study was initiated in
1966 when Wu [1] computed the first term in the expansion of the row correlations both for
T > T., where the result is a one dimensional integral, and for T < T, where the result is a 2
dimensional integral. By at least 1973 it was recognized [2] that the diagonal correlations and
form factors are a specialization of the results for the row correlations. The extension to form
factors for correlations in a general position and from the leading term to all terms was first
made in 1976 [3]. This leads to the general result that for the two dimensional Ising model
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with interaction energy € = — >, ([ {EV0; 10414 + E"0; 0} k1), with o), = %1, the form
factor expansion for T < T is
(00.00m ) = (1 —0)"* {1 + i fifN)} )
n=1
where t = (sinh2EV/kgT sinh2E" /kgT)™2, and for T > T,
(00.00m.n) = (1 —n)'/*- i fiw s )
n=0

where t = (sinh2E?/kpT sinh2E" / kg T)?, and where flf,f’)N are n-fold integrals.
The form factor expansions (1) and (2) are of great importance for the study of the
magnetic susceptibility of the Ising model

1
XD == A;v{wo,omw,m - M3, 3)

where M = (1—1)"/8forT < T, and equals zero for T > T, is the spontaneous magnetization.
The study of this susceptibility has been the outstanding problem in the field for almost
60 years. The susceptibility is expressed in terms of the form factor expansion as

kpT - x(T) = (1 =0)"*. " x™(T), )

where

X" =" i 5)
M,N

withm = 2n,forT < T,,andm = 2n+1, for T > T,. In the last twelve years a large number
of remarkable properties have been obtained for both x ™ (T') [4-13] and the specialization to
the diagonal [14]

X =" fi'h- 6)
N,N

These remarkable properties of x ™ and Xz(zn)(t) must originate in properties of the f,fj )N
themselves.

For 40 years after the first computations of Wu, the form factor integrals for n > 2
appeared to be intractable in the sense that they could not be expressed in terms of previously
known special functions. However, in 2007 this intractability was shown to be false when
Boukraa et al [15] discovered by means of differential algebra computations on Maple, using
the form for the form factors proven in [16], many examples for n as large as nine that the
form factors in the isotropic case E" = EV can be written as sums of products of the complete
elliptic integrals K (+'/%) and E (¢'/%) with polynomial coefficients, where for the diagonal case
(M = N) we may allow EV # E".

These computer derived examples lead to the obvious

Conjecture 1. All n-fold form factor integrals for Ising correlations may be expressed in
terms of sums of products of one dimensional integrals with polynomial coefficients.

The first discovery that the n-fold multiple integrals which arise in the study of integrable
models can be decomposed into sums of products of one dimensional integrals (or sums) was

made for the correlation functions of the XXZ spin chain
[o.¢]

_ X __X y__y Z+2
Hyxz = — Z {aj O 0705, + Aajaj+l}. (7N
j=—00
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These correlations were expressed as multiple integrals for the massive regime (A < —1)
in 1992 [17] and in the massless regime (—1 < A < 1) in 1996 [18]. In 2001 Boos and
Korepin [19] discovered that for the case A = —1, the special correlation function (called the
emptiness probability)

" /1+0F
P<n>=<1_[( 20’>>, ®)
j=1

for n = 4 could be expressed in terms of £(3), £(5), ¢%(3) and In2, and this decomposition
in terms of sums of products of zeta functions of odd argument was extended to P (5) in [20]
and P(6) in [21]. Similar decompositions of the correlation function (aécr,f) were obtained
for n = 3 in [22], for n = 4 in [23] and for n = 5 in [24]. The extension to the XXZ model
chain (7) with A # —1 of the decomposition of the integrals for the third neighbor correlation
(0603") for i = x, z was made in [25].

The discovery in [15] that a similar reduction takes place for Ising correlations thus leads
to the more far reaching

Conjecture 2. All multiple integral representations of correlations and form factors in all
integrable models can be reduced to sums of products of one dimensional integrals.

If correct this conjecture must rest upon a very deep and universal property of integrable
models.

In [15] the form factors were reduced to sums of products of the complete elliptic integrals
K('/?) and E(t'/*). However, the results become much more simple and elegant when
expressed in terms of the hypergeometric functions F and Fy,; where

Fy = 2Fi([1/2, N+ 1/2]; [N + 1]; 1) )
appears in the form factor forn = 1
o) N2 ! N-1)2 ~12 —12 N2
N,N(t)=7' X 1—-x) (1 —1tx) -dx = Ay - t7V/° - Fy, (10)
0
where
(/2
AN = N (11)

and (a)o = 1l and forn > 1 (a), = a(a+1)---(a+n — 1) is Pochhammer’s symbol. Note
that Fy = 2K (t'/%) = f4(1).

The expressions for fl\(,"i\, (¢) in terms of Fy and Fy,; are obtained from [15], rewritten
by use of the contiguous relations for hypergeometric functions, and we give some of these
expressions in appendix A. In all cases studied the form factors have the form

n—1 2n
2 2 2 2 on—
WO =YK RO+ Y CIP N - EY - FR (12)
m=0 m=0
(2n+1)(t) n—1 (2m+1)(t) 2n+l
N’tl;/wz =D K7 Nﬁ\//z + D CIDNT D - P Fy, (13)
m=0 m=0

where flf,% = 1. The degrees of the polynomials C,S‘f )(N ;Harefor N > 1

deg C(N; t) = degC > V(N; 1) =n - (2N + 1), (14)

m

with C,(,:’)(N; t)y~t"ast ~0.
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These polynomials are different from the corresponding polynomials in the K, E basis in
that they have the palindromic property

Cr(nzn)(N; 1) = (CN+ D C,,(fn)(N§ 1/1), (15)
COmV(N; 1) = (@N+D+m  cCntl) (N /gy, (16)

We conjecture that these results are true generally.

In this paper we begin the analytic proof of conjecture 1 and the derivation and
generalization of the results of [15] for the diagonal correlation M = N by studying
the three lowest order integrals fjf,'f?\,(t) for n = 2,3,4. The results are summarized in
section 2. o

In section 3 we derive the results for fy (7). We proceed by first differentiating the

integral f]f,z)N (t) with respect to ¢, which removes the term proportional to flf,(?)N(t) from
the general form (12). The resulting two dimensional integral is then seen to factorize into
a sum of products of one dimensional integrals. This factorized result is then compared
with the derivative of (12) to give three coupled first order inhomogeneous equations for
the three polynomials C?(N;t). These equations are decoupled to give inhomogeneous
equations of degree three which are explicitly solved to find the unique polynomial solutions
CO(N;1).

In section 4 we extend this method to f1$/3)1v (t). The first step is to apply to f1$/3)1v () the
second order operator which annihilates ,f,{)]\,(t). However, in this case we have not found
the mechanism which factorizes the resulting three dimensional integral. Instead we use the
property discovered in [15] that the resulting integral satisfies a fourth order homogeneous
equation which is homomorphic to the symmetric cube of a second order operator and thus a
factorized form is obtained. This form is then compared with the form obtained by applying
the second order operator to the form (13), and from this comparison we obtain 4 coupled
inhomogeneous equations for the 4 polynomials C¥ (7). These equations are then decoupled
to give inhomogeneous equations of degree 5 for C3(3)(N ; 1) and of degree 8 for the three
remaining polynomials. We then solve these equations under the assumption that a polynomial
solution exists.

The results for flf,";\, (r) with n = 1, 2,3 have a great deal of structure which can be

generalized to arbitrary arbitrary n. Of particular interest is the fact that f ,f,z']’\; (t) vanishes as

"N and f7Y (0)/¢V/? vanishes as "D at ¢ — 0 while each individual term in the
expansions (12) and (13) vanishes with a power (which may be zero) which is independent
of N. This cancellation for f,f,z,)N(t) and f,f,%)N(t) is demonstrated in section 5 and gives an
interpretation of several features of the results obtained in sections 3 and 4. It also provides
an alternative form (138) for f 15/%)N (t) compared to the form (13). In section 6, in a differential
algebra viewpoint, the canonical link between the 20th order ODEs associated with the
CH(N;t)of f ,5,4),\, (#) and the theory of elliptic curves is made very explicit with the emergence
of direct sums of differential operators homomorphic to symmetric powers of a second order
operator associated with elliptic curves, and in an analytical viewpoint, is made very explicit
with exact expressions (given in appendix G), for the polynomials CY (N; t), valid for any N.
We conclude in section 7 with a discussion of possible generalizations of our results.

2. Summary of formalism and results

The form factor integrals for the diagonal correlations are [15, 16] for T < T,

4
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: i (N+m) 1 2n n t)C2] (xz_l _ 1) 1/2
f(2 )(Z)_ )2 2n[ l_[d)Ckxlévl_[<(1_ J _1)

Ixpj— 1)()62] 1

2
< 111 (%) [T Gajmr = xa1)? (o — xa), (17)

1<j<n 1<k<n 1< j<k<n
and for T > T,
(1 /2D N+n(n+1) 1 2n+l n+l B
(2n+1) _ d N -1 -1 1/2
= XX X | —txoi—(x,, — 1
Sy (@ nl(n + )2+ /0 U k 1:11 2j 1[( J 1)( 2j-1 )]

2
xl_[xzj —p (g =117 TT 11 <1—tx2J 1x2k>

1<j<n+l 1<k<n
2 2
x I Goyor—xu® ] Gy —xa)™ (18)
1< j<k<n+l 1<j<k<n

When ¢ = 0 the integrals in (17) and (18) reduce to a special case of the Selberg
integral [26, 27]

"V (N +n+1/2)T(n+1/2) 1:[1 [F(N +j+ 120+ 1/2)T(j +2)}2

Fan @ ~
(n")2m2n C'(N+1/2)T(1/2) '(N+n+j+1)

j=0
(19)

and

f(2n+1) (t) ~

N2 ) TN 4 1/2)T(1/2) l;[l [F(N+j +3/2)(+3/2)T(j +2)}2

nlg2ntl C(N+n+1) I'(N+n+j+2)
(20)
In particular
(2) )‘%v 1 N+2
t L0, 21
Svn@® = aN+ D ) (2D
3 5
f( ) (t) — t3N/2+2 . N+l + O(t3N/2+3). (22)

202N + 1)(N +2)?

2.1. General formalism

For the special case f ) ~(t) we will analytically derive the form (12) without making any
assumptions. However for the general case we will proceed by assuming the forms (12)
and (13) as an ansatz and with this as a conjecture, we will derive inhomogeneous Fuchsian
equations for the polynomials C (N; t)

QU(N;1)-C™(N;t) = I™(N; 1), (23)

m
where QU (N;; 1) is a linear differential operator and I (N; ¢) a polynomial.

In all cases which have been studied, the operator Q,S;”(N ; 1), corresponding to the lhs of
(23), has a direct sum decomposition where each term in the direct sum is homomorphic to
a either a symmetric power or a symmetric product for different values of N, of the second
order operator
1+N — Nt 444N —t — 2Nt

CN 2
O2(N:1) = D; (1—1) ! 42(1 1)

, (24)

5
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where D, = d/dt. The operator O,(N;t) is equivalent to the operator L,(N;¢) which

annihilates fjf,{)lv(t) [15], as can be seen in the operator isomorphism

Ox(N; 1) -tV = (N2 (N 1), (25)

The solutions of O,(N; t) are expressed in terms of hypergeometric functions by noting
that

> (1—=1)- Oy(N)=t-(tD;+a)(tD, +b) — (tD, —a')(tD, — '),

with

a=—-N-1/2, b=-1/2, a =N+1, b =1, (26)
which for |¢| < 1 3 has the two fundamental solutions [28, page 283]
“ S F(a+d, b+dlild —b +11:0),1% 2 F(a+b,b+b1:[b —d +1];1). 27
Using (26) we have the two solutions of O,(N)

ur(Nst) = t"* 5 Fi([1/2,1/2+ NT; [N + 105 1) = £V Fy, (28)
and:

t-2F\([1/2,1/2 = N]; [1 = N5 1). (29)
The solution u# (N; f) in (28) is regular at ¢+ = 0 and has the expansion
ur(Ns 1) =" ibn(zv) 1", (30)
n=0

with

b,(N) = W (31)

Since we will in this paper work with positive integer values of N, it is better to introduce
as the second solution
N F([1/2,1/2+ N [1]: 1 —1). (32)
When N is not an integer the hypergeometric function (32) can be written as the following
linear combination of the two previous solutions (28) and (29)
I'(—N)
ra/2raj/2—n)

NS F([1/2,1/2+ N1 [N + 103 1)

I'(N)
r{a/2rd/2+ Ny
The hypergeometric function (32) is not analytic at ¢ = 0 but, instead, has a logarithmic
singularity.
From [29, (2) on page 74 and (7) on page 75] we may choose to normalize the analytical
part of the second solution to ¢ as + — 0. Denoting such a solution u,(N; t), it reads

-2 F([1/2,1/2 = NJ; [1 = N]; 1), (33)

N—-1 oo
ur(N:it) =13 ay(N) 1" + 1" N 23 - Y by (N)[ky — In(0)] - 1", (34)
n=0 n=0

3 For |t| > 1, we write z = 1/t and the identical procedure is found to interchange a with @’ and b with b’. Thus the
two fundamental solutions valid near t = co are it (N; z) = 7712 2Fi([1/2,1/2+ N]; [1+ N]; 2) = 7712 Fy,
fia(N;z) = z7N=12 ., F([1/2,1/2 — N1; [1 — NJ; z). The identification of the hypergeometric functions of (28)
and (29) with these two solutions is a consequence of the palindromic property of the operator O, (N; t). However,
we note that i ; (N; z) is not the analytic continuation of u ; (N; t).

6
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with ag(N) = 1 and forn > 1

any = L2n2 = W, (/2D = )t (35)
(1= N)un! (1/2)y !
and k, = H,(1) + H,.y(1) — H,(1/2) — H,,x(1/2), where
n—1
Hy =S —— o
= © +k

are the partial sums of the harmonic series. The series expansion (34) corresponds to the
maximal unipotent monodromy structure of O,(N;¢) which amounts to writing the second
solution as:

ur(N; 1) = wa(N; 1) — N - 23 - uy(N; 1) - In(r) (37)

where wy(N; t) = t+- - - is analytical at# = 0. This function w,(N; ¢) is the solution analytic
at t = 0, different from u;(N; t), of an order-four operator which factorizes as the product
O>(N; t)- O2(N; t), where O>(N; t) and O,(N; t) are two order-two homomorphic operators

Ox(N:1) - Iy = Jy - Ox(N: 1), (38)
where one of the two order-one intertwinners /; and J; is quite simple, namely
1 t—2 N
Lh=--D)— ——mMm— — —. 39
TN 22 (39)
Finally, we note the relation which follows from the Wronskian of O,(N; 1),
ur(N) - uz(N +1) = By - uz(N) - uy (N +1) = 12, (40)
with
(2N + 1)?
= — 41
Aw AN(N + 1) @1

2.2. Explicit results for fls,z)N ®)

For fx (1) the parameter K} and the polynomials C2)(N’; ) of the form (12) are explicitly
computed in section 3 as

Ky =N)2, (42)

and
ON+1—m
CONy =AD" Y D (N) -1, 43)
n=0
with
N (n
A(2)= _1 n+1__. A n. 44
n ( ) 2 2 IBN ( )

Using the notation that

[f1. = the coefficient of #" in the expansion of f att =0 (45)
we have for0 <n < N —1
Cézl)‘l (N) = Cg;Nfl—n (N) = [t 2up(N)*], = Zak(N) “ay—(N), (46)

k=0
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n

DN = 2y, (V) = [ 2ua(N)ua(N + D]y = Y (V) - @y (N + 1), )
k=0
and
CININ) = A% + ey (V). (48)
and where for0 <n < N
e (N) = coyain(N) = [12U3(N + 1], = ¢SH(N + 1), (49)

where a, (N) is given by (35). We note that the sum (46) for cf}wl may be written by use of

the second form of a, (V) in (35) in the alternative form
Sy =23 2N - Hy(1/2), (50)
where Hy (z) is given by (36).
We also derive the recursion relation for N 1

Nop, Z £0 - fin FRIO)

@ 1) = NF®
Ivn@® =Nf7 @) — TG+ D)

(G
j=1
2.3. Explicit results for f(3) ®)

For fy @)  (2) the parameter K (()3) and the polynomials C?)(N; 1) of the form (13) are explicitly
computed in section 4 as

3N +1

kg = 5 (52)

and
2N+1—m N—1
COWN:ty=AD 1" Y D (N)-1" + Av-CON, 1),  (53)
n=0
where we make the definition Céz) (N,t) =0and
2
AP = (1S (’;) - By (54)

The coefficients c,(j;)n (N)’s are given by a simple quartic expression of the a,’s and b,’s. For
0 <n <N — 1 they read

(N = o, (N) = [1T¥ A3 (N ()],

n m 1
=3 S N @k (V) - @ (N) - by (N, (55)
m=0 [=0 k=0
and
S (N) = Dy 1 (V) = [V M3 (Nua (N + Dy ()],
n m 1
=3 @) - i (N) - @y (N +1) - by (N), (56)
m=0 [=0 k=0
forO<n <N
(3) (3) _ [,—N-— 4 3
n(N) = ooy (N) =1 S(N + Dui(N)],
n m 1
=Y 3> a1 @ (N +1) - ap g (N +1) - by (N), (57)
m=0 [=0 k=0
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andforO<n < N -1
¢ (N) = ey (N) = [17¥ua (NYud(N + Duy(N)],
1

=YY > @) ak (N+1) - a (N +1) by p(N),  (58)

m=0 =0 k=0
with the middle term of C,(3)(N; t) of order N + 1

By -2
v ="y N B [N =1 Con—1 +achy ]

2 By-h

S R LG IPE (LR VORYE W | (59)

where a,,(N) and b, (N) are given by (35) and (31).
3. The derivation of the results for f(z) @

We begin our derivation of the results for f of section 2.2 by integrating (17) (with 2n = 2)
by parts using

w=y" 2 A= 1=y, (60)
N =y) - (I —1y) —1/2(1 — 1y?)]
du = yN=3/? -d 61
e (A=) (T =) > ©0
d
dv=—2 v=—2 (62)
(1 —1txy)? 1 —txy
to find
CNH2GN=1/201 _ 42
(2)(t)_/dx/dy yNTPA = 1y%)
272 (1= ) 2(1 = )21 — )21 = 1) 21 — 1xy)
(VL G NH2ZGN=1/2 01 () 1/2(1 — 4y)1/2
_N/dx/dy y (I =y)"~( y) . 63)
— )21 —tx)12(1 — txy)

The first term in (63) is separated into two parts as

t-xNyN x1/2 1
dx dy ERY) 12 12 12 12
0 2z / (l—x)/(l—tx)/(l—y)/(l—ty)/(l—txy)

/dx/ dyt XN yN 1/243/2
72 (=021 =) 21 = )= )P (1 = 1xy)
(64)

and in this second term we interchange x <> y. Then, recombining these two terms, we see
that the factor 1 — rxy cancels between the numerator and denominator in (64). Thus the first
term in (63) factorizes and we find

1 N+1/2  N—1/2
2 (z):/ dx/ dy =— A
272 (1 —x)12(1 — tx)2(1 — y)1/2(1 — ty)l/2

tN+1 N2 N=1/2(] — y)1/2(] — gy)1/2
_ N/ dx/ dy X (I—y)/<( y)
x)1/2(1 —tx)12(1 —txy)

t " " N/- q / q IN+1 N+l/2 N— 1/2(1 _y)l/Z(l z‘y)l/Z
= — X
5 CINN TN N Y x)l/Z(l —10)12(1 — txy)
(65)

9
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From (17) we find for N > 1 that the integral in the second term of (65) is f(z) (t)— f,f,?] Ne1 (D)
and thus we have

Iin (r)-— FAN@ - N nn @ = N[ ® = i v O] (66)

From (66) we obtain the recursion relation

o (@ = —— f@) (t) — f(” (®) - Frg w1 (0, (67)
and thus for N > 1

£O - Fi @

@ =NfZ @) = =112 (68)
JZI: JG+1)
To proceed further we return to (65) which we write in terms of Fy as
ANA
f(z) @) = NENHL L N “Fy - Fyy

(NHL  NHL20N=1/201 31201 _ gy)1/2

_N/dxfdy x y (I —y)"=( y) ' 69)
— )2 —tx)1V2(1 — txy)

The integral in (69) does not have a manifest factorization. However, if we compute
dfy. @  ()/dt in the contour integral form of (17), and note that

d[G-)a =277 1 [o=-1AHa-12y)7"
dr |:(x — /) (1 - t1/2x)] T2 [(x —t1/2)(1 - tl/zx):|
y (xy =D& =y -1
0= A= 1Py = 1) (1 = 117%)
the resulting integral does factorize and, introducing Gy, some well-suited linear combination
of Fyand Fy,q,

Gy =2F1([3/2, N+3/2]; [N +1];¢t)

(70)

_ 1+¢ P t 2N +1 F 1)
T -0 " a=—pn2 N+1 VP
we find
2
df<> _(l_t).tN.(2N+l))»f\,
A 16(N + 1)
[@N +1)* - Fyy1 -Gy — (2N — D2N +3) - Fy - Gyl (72)

It remains to integrate (72). However, in general, integrals of products of two
hypergeometric functions with respect to the argument will not have the form of the product of
two hypergeometric functions. We will thus proceed in the opposite direction by differentiating
(12) for 2n = 2 with respect to ¢t and equating the result to (72) to obtain differential equations
for the C ,(,,2) (N; t) which we will then solve to obtain the final results (42)—(44).

From a straightforward use of the contiguous relations of hypergeometric functions [29],
we introduce the following well-suited linear combination of Fy and Fy4;

Fuy =y FI([3/2.N +3/2]: [N +2]: 1) — T+ D dFy
N =2F1([3/2, N +3/2]; [ +]»)—m dt
=%~(2-(N+1)-FN—(2N+1)-FN+1). (73)

10
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The derivative of (12) with 2n = 2 may be written in the quadratic form*
B, -Fy+By-Fy-Fy+B;-F}, (74)
with

5 _dcg? N+ o, (V4D ac®?
T 2(N+12 Y T N+1/2)

(N +1)? o  (N+1)?  dcd

SN T (N1 dr "
TN+ 0 2(N +1/2) 2(N +1/2)t L 2N+1/2)  dr
(N+DB+2N =21) o (N+D(A—1) dCy
P - . , (76)
2(N +1/2)%t (N +1/2)2 dr
(=0 o Q@H2N-DU-D o (1-p dcf?
Bs = TAN+ D) G 4(N +1/2)2t 2 ¥ 4N +1/2)2  dr 7

The derivative of f @ (@) in (72) by use of contiguous relations [29] is expressed in terms of
Fyand Fy as

df(:t(t)_B4~F,%,+35'FN'FN+B6'F1%/’ (78)
where
L — 2N4+1 «)Li,tN,
=28 f(]; DIEND a0, (19)
B — ;Z’II?]N N) (1—1). V4

3.1. Linear differential equations for C?)(N; t)

To obtain the C ,(,12) (N; t) we equate (74) with (78) and find the following first order system of
equations for C? (N; t)

@N+D 5y acl? N+D o, (N+D dc?

4 N dr 2IN+1/2 ' T (N+1/2)  dr

(N +1)2 o  (N+D? dcy

“veee e a o
AN+ 1) N N+ °
[ ! 1—2+N( —t):| o (-0 dcy?
+ |1+ + G = A
XN+1/2) T T 2N+ 12 QN+1/2) di
B B &)
(N +1)(B+2N —21) o (N+1D(1 —1) dC, ’ 31

AN +1/22 2 (N+1/22  dr

4 For convenience the dependence of the C,(,lz) on N and ¢ is suppressed here and below (see (78)).

11
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CCONEDE U=
I A A Tr ST
_Q@+N-0n( -0 o, (-1 dcy? )
AN+1/22 2 TAN+1/2?  dr

From this first order coupled system we obtain third order uncoupled equations for the
CO(N;1)

s, O
2(1 —t)* -t~ - —6(N —(N—-Dp(1 —1)t -
1-1 P ( ( (1 —1) a2
dC(Z)
+2[N +2N?+ (1 +4N —4N*t — (5N — 2N*)¢*] - d—f
N(N + 12N +1)?
FQN+ DN —2N — 1) ¢ = Y+ )2( D7 2 a—n
(83)
3,(2) d2 2
21 =) (1 +1) -1 dt; —2(1 =O[1+3N +4t+ (1 —3N)s*]-¢*- dzzl +2[2+4N
dC(Z)
+2N2+(3+4N—21\ﬂ)-t—(3+8N+2Nz)-t2+2N2.t3].r.d—tl

—[4+8N +4N>+(5+6N) -1 — (5+ 10N +4N?) . 1*]. C?
QN+ D [2NX(N+1) - (t+ D>+ @N +1) - 1]

A% (=1 -tV

(N+1)
(84)
and
d3c(2) 2c(2)
20—=0% -3 —2 —6(1+N—=Nt)-(1 —1) - 1> —2
( ) s I+ ) - ( ) a2
ac?

+2[7+9N +2N? — (7+ 12N +4N?) -t + (1 +3N +2N?) - 2] - ¢ - o

—[16+24N +8N? — (15+28N + 12N?) - 1 + 2 + 6N +4N?) - 1*]. C?
N22N +D)*- (1 —1)

— 2 N+2
= swaenz T (85)

From (83)—(85) it follows that C?(N; ) and t*N*"+1 . C(N; 1/t) satisfy the same
equation and thus, if C?)(N; 1) are polynomials they will satisfy the palindromic property
(15). From (83) and (85) it follows that the polynomials Cé2) (N;t)and Céz) (N; t) satisfy

N
(N+1)- B, -t

CPN; 1) = S CP (N +1;0). (86)

We therefore may restrict our considerations to sz) (N;t)and Céz) (N;1).

We will obtain the polynomial solutions for the differential equations (83)—(85) by
demonstrating that the homogeneous parts of the equations are homomorphic to symmetric
products or symmetric powers of the second order operator O,(N).

12
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3.2. Polynomial solution for Cf)(N; t)

Denote 9(22) (N, t) the order-three linear differential operator acting on Céz) (N, t) on the left

hand side of (85). Then it is easy to discover that the operator 5252) (N, 1) is exactly the
symmetric square of the second-order operator O,(N’; t)

QY (N, 1) = Sym*(O2(N: 1)), (87)
which has the three linearly independent solutions
w(N;D% (Vs -ua(NsD, u3(Ns ) (88)

where the functions u ;(N; t) for j = 1, 2 are defined by (30)—(36). The indicial exponents of
(85)atr =0 are

2N+2, N+2, 2, (89)

which are the exponents respectively of the three solutions (88). Therefore, because the
inhomogeneous term in (85) starts at ¢V*! the coefficients céz,)l in(43)for0 <n <N —1will
be proportional to the first N coefficients in the expansion of u%(N ;1) about t = 0.

Equation (85) is invariant under the substitution

CPWN;ty — NS .CPWN; 1)), (90)

which maps one solution into another. Therefore if it is known that the solution C;z) (N;1)is
a polynomial the palindromic property

(2 (2)
C2;n = C2;2N—1—n (91)

must hold and thus Céz) (N; t) is given by (46) where the normalizing constant A;Z) remains
to be determined.

However, the invariance (90) is, by itself, not sufficient to guarantee the existence of
a polynomial solution with the palindromic property (15). To demonstrate that there is a
polynomial solution we examine the recursion relation which follows from (85)

AP 202N = n)(N —n) - 2. (N)
+(@4Nn —2N —2n*+2n — 1)(2n — 1 —2N) - C;?r)lfl(N)
+2(n — D@N —n+1)(N —n+1)-cf)_,(N)}
N2QN +1)*

B 2

= (an,N - 8n,N+1) :

where cgzl)l (N) = 0 forn < —1 and we may set cg()) = 1 by convention. By sending

n — 2N —n+1in (92) we see that cézzl (N) and Cg)zN—n—l (N) do satisfy the same equation
as required by (91).

To prove that the solution CEZ)(N ; 1) is indeed a polynomial we examine the recursion
relation (92) for n = N. If there were no inhomogeneous term then, because of the factor
N—n in front of cézi the recursion relation (92) for n = N would give a constraint on Cg\/—l
and cg\,_z. This constraint does in fact not hold, which is the reason that the solution u%(N 1)
is not analytic at # = 0 but instead has a term +¥*? In¢. However, when there is a nonzero
inhomogeneous term at order tV *2 the recursion equation (92) is satisfied with a nonzero
Aéz). The remaining coefficients cgzr)l for N < 2N — 1 are determined by the palindromy
constraint (91).

For Céz)(N ; 1) to be a polynomial we must have cézr)l (N) = 0 forn > 2N. From the

recursion relation (92) we see that because of the coefficient 2N — n in front of cf:, (N)

13
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the coefficient c% ~ (V) may be freely chosen. The choice of cg ~ (V) # 0 corresponds to
the solution of 9(22) (N; t) which has the indicial exponent N + 2 and clearly does not give a
polynomial solution. However by setting n = 2N + 1 in (92) we obtain

2N+ DN +1) - ¢Sy, (N) = QN + D? - ¢, (N) = 0. (93)

and if we choose c% y(&N) = 0 we obtain cf; n+1(N) = 0 also. Therefore because (92) is

a three term relation, it follows that cfi(N ) = 0forn > 2N as required for a polynomial
solution.

It remains to explicitly evaluate the normalization constant Agz) which satisfies (92) with
n = N. A more efficient derivation is obtained if we return to the original inhomogeneous
equation (85). Then we note that if we include the term with n = 0 in the second terms on
the right-hand side of (34) in the computation of the term of order t¥*? in the left hand side
of (85) we must get zero because u% is a solution of the homogeneous part of (85). Therefore

when we use the extra term in u% of
—2tN*2 N A% - Int, (94)
in the lhs of (85), and keep the terms which do not involve In ¢, we find
2N = 1) - c¥y,(N) = @N? = 1) - ) (N) = —=4N? - 2% (95)
Thus, using (95) we evaluate (92) withn = N as
N2(2N +D*

—4AP N3, = Ay 96
2 N 8(N +1)2 N 96)
and thus
N
AP = - By 97)

3.3. Polynomial solution for sz) (N; 1)

The computation of C fz) (N; t) has features which are characteristic of Cf,f)(N ; 1) which are

not seen in C éz) (N; t). Similarly to what has been done in the previous subsection we introduce

QEZ)(N ; 1), the order-three linear differential operator acting on C {2) (N; t) in the lhs of (84).
The indicial exponents at = 0 of the operator Q(lz) (N;t) are

1, N +1, 2N +2 (98)

This order-three operator ng) (N; t) is found to be related to the symmetric product of O,(N)
and O,(N + 1) by the direct sum decomposition

Sym(02(N), O2(N +1)) -1 = QP @ (D, - N: 1) . (99)

The three linearly independent solutions of Q(lz) (N; t) are to be found in the set of four
functions

™ u (N3 1) - u (N + 15 1), t™ us(N, 1) -ur (N + 15 1),
T u (N2 ) - ua(N + 15 1), 7 us(N 1) - ua(N + 15 1),

where from the definitions of u1(N; t) in (30) and u, (N; ¢) in (34) the behaviors of these four
solutions as t — 0 are 2N*2 ¢N*2 tN+1 t respectively.

(100)

14
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Following the argument given above for Cf)(N ;1) we conclude, because the
inhomogeneous term in (83) is of order tV*!, that the terms up through order # must be
proportional to the solution of the homogeneous equation

t7' (N3 1) us(N + 15 1), (101)
which begins at order 7. This observation determines the form (43) and the coefficients (47)
cf,)l(N ) for 0 < n < N — 1. The normalizing constant A(lz) and the remaining coefficient

ci?;\,(N ) (48) are then obtained from the inhomogeneous equation (83). Finally, to prove

that C fz) (N; t) is actually a palindromic polynomial the recursion relation for the coefficients

ngi)l (N) must be used. Details of these computations are given in appendix B.

3.4. The constant K, (()2)

Finally, we need to evaluate the constant of integration K(gz) in (12). This is easily done by
noting, from the original integral expression (17), that f [f,z)N (0) = O for all N. From (43)- (44)
we see that
N
CIN: 0 =——.  C(N:0) =G (N;0) =0, (102)
and using this in (12) we obtain Kéz) = N/2 as desired.

4. The derivation of the results for fﬁf N@®

The form factor f 15,3)1\, () is defined by the integral (18) with 2n + 1 = 3, and if we are to follow
the method of evaluation developed for f JE,Z)N (t), we need to demonstrate analytically that there
is an operator which, when acting on the integral, will split it into three factors. Unfortunately
we have not analytically obtained such a result.

However, we are able to proceed by using the methods of differential algebra and from [15]
itis known computationally for integer N that f’ ,\(,3),\, is annihilated by the operator L4(N)-L,(N)

where

Ly =p+ 2L p 1 ! N? (103)
PTG T T ae— 1) M
and L,(N) annihilates flf,l)N (1), and where
2r—1) 3 (24112 — 2411 + 46) 2
L4(N) = D} + 10 -D? + .
«(N) =D, t—Dr ! 2(t — 1)2¢2 ‘
(2t — 1)(122¢2 — 122t +9) 81 (5t —1)(5t —4) 5N?
+ D+ ————r— — —— - D,
(t — 1)33 16 3@ —1)3 2 12
23 132 2 -1 2 4
(23 = 32t)N . l+2(8 Tt)N +2N_ (104)
2(t — D3 8 (t— Dt 16 t*

Furthermore the operator L4(N) is homomorphic to the symmetric cube of L,(N) by the
following relation,

L4(N)- Q(N) = R(N) - Sym*(L,(N)), (105)
where
Oy =~ 1)-1- D+ L — 1y pr 4 42O
f2 ! 4t — 1t
2
9Qr—D 9¢—-DN® , 9Qr—1,, 06)
8¢—Dr 4 1t 3 2
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and

23 216 — 29t + 2972

t

4 (r— Dt
_ 2 2 _ —

+g(zt D25 —125t+16) 99N> (@t —1) D,+M ‘ (107)
3 (t — )22 4 22

We therefore conclude, since f; 1{,3)1\, (t) is regular at r = 0 and the solution of L,(N) which
is regular at = O is Fly, that

Q(N) - By - *N2 . F} = Ly(N) - f . (108)

where By is a normalizing constant which is determined from the behavior at # = 0. From the
integral (18) we find

3
]53)1\] _ N+2 (1/2)N+1 -t3N/2+2 " 0031\1/24,3)7 (109)
NT AN +1/2) \(N +2)13

and from the expansion of Fy we have

32N +1)3
QN) - PN Py =

— 'ISN/Z 0 l3N/2+1 , 110
8(N + D2(N +2) + 0 ) (110)

and thus
By =1y (111)

Operating Q(N) on 3N/2 3 one can write the result in the basis Fy and Fy. Similarly,
one can operate on the form f,f,g)N in (13) with L,(N) and write the result in the same basis Fy
and Fy. Then, matching powers of the hypergeometric functions on both sides of the relation
(108) will yield four coupled inhomogeneous ODE:s to be solved. The four coupled ODEs are
given in appendix C.

For C,(n3) (N; t) withm = 0, 1, 2, the reduction of the four coupled second order equations
leads to inhomogeneous 8th order uncoupled ODEs for each C) (N; 1) separately, of the form

8 ' dj
D Pt 57 G N0 = L ), (112)
j=0 !
where
14 17
lo =" o) L=y G,
- =0 (113)

14

L=1"?.3"Dh() 1,

j=0
where the [, (¢) are antipalinromic and P,, ,(¢) are polynomials. In particular
Pug(t) = (1 =07 Py (0), (114)

where Py(t) and P,(t) are order six and P;(¢) is order eight.

However, for C §3) (N;t) a step-by-step elimination process in the coupled system
terminates in a fifth order equation instead. We derive and present this 5th order equation in
appendix D, but the eighth order equations given by Maple are too long to present.
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4.1. Polynomial solution for C§3)(N; 1)

The homogeneous operator on the lhs of the ODE (D.1) for C ;3) (N, t) is found on Maple to
be isomorphic to Sym*(0,(N)) - t™*D the symmetric fourth power of O,(N) multiplied by
tW*D  Therefore all five solutions of the homogeneous equation are given as t~V*D times
products of the solutions u;(N; t) and u,(N; t). The fifth order ODE has at ¢ = 0 the indicial
exponents

—N+3, 3, N+3, 2N+3, 3N+3. (115)

Therefore because the polynomial solution must by definition be regular at + = 0, the first
N + 1 terms (from £ through tV*3) in the solution

=D W3 (N) - ug (N, (116)
which vanishes as #3, will solve the inhomogeneous equation (D.1), so that
2N-2
CPON:ity =AY £ " e 1" (117)
n=0
whereforO<n < N -1
n m 1
=Y 3" a(N) - a1 (N) - ap—i(N) - by_(N). (118)

m=0 [=0 k=0

The lowest order inhomogeneous term is #¥*3 which is the next indicial exponent in (115) and

therefore the normalizing constant A?) is found from the first logarithmic term in the solution
of the homogeneous equation by exactly the same argument used for Cf) (N; t). Thus we find

2
AP = 3 By . (119)

The remaining demonstration that C§3) (N; t) is a palindromic polynomial follows from

the recursion relation for the coefficients, as was done for Cf) (N; t), with the exception that
because the inhomogeneous term in (D.1) is proportional to " +1(t2 = 1) instead of tV*1(r — 1),
there is an identity which must be verified. Details are given in appendix D.

4.2. Polynomial solutions for Cf)(N; t) and C(()3)(N; 1).

A new feature appears in the computation of Cf) (N;t)and C(()3)(N 1),
The indicial exponents at ¢+ = 0 of the 8-th order operator 9(23) (N; 1)

—N+2,2,3,N+2,N+3,2N +2,2N +3,3N + 3, (120)
and for Qé”(N ;1) are
—-N, 0, 1, N+1, N+2, 2N+2, 2N+3, 3N+3. (121)

From these exponents it might be expected that the solution of Q?)(N ; t)(Q(()3)(N ; t))
which is of order #%(t°) could have a logarithmic term ¢>In¢(t Int) which would preclude
the existence of a polynomial solution of the corresponding inhomogeneous equation.
However, this does, in fact, not happen because there is a decomposition of the 8th order
operators into a direct sum of the third order operators Qg) (N;1t) (Q(()z) (N; t)) with exponents
2,N+2,2N +2(0, N +1,2N + 2) and new fifth order operators M,(,f) (N; 1)

QPN 1) = MY (N; 1) @ Q5 (N; 1) (122)
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with exponents —N+2, 2, N+2, 2N+2, 3N+2for M{’’(N; t)and =N, 0, N+1,2N+2, 3N+3)
for Mé3) (N;t). Furthermore M2(3) (N; t) is homomorphic to the symmetric fourth power of
0,(N) and Mé3)(N ; 1) is homomorphic to the symmetric fourth power of O(N + 1) (see
appendix E for details). The inhomogeneous equation is solved in terms of a linear combination
of the solutions of the third order and fifth order homogeneous equations.

However, a simpler form of the answer results if we notice the isomorphisms

QP (N; 1) = Sym(05(N), 02(N), O2(N), O2(N + 1)) - tV*2, (123)

QP (N; 1) =Sym(02(N), O2(N + 1), O2(N + 1), Oo(N + 1)) -tV (124)

The desired solutions for 52;3) (N, t) are constructed from the two solutions which have
the exponents 2 and 3,
V2 u(N) - u (N) - up(N + 1), VW3 (N) cu (N + 1), (125)

which, by use of the Wronskian condition (40), may be rewritten as a linear combination of
two solutions each with the exponent of 2 as

AP N2 2(N) - u (N) - ua(N + 1) + BS - ud(N), (126)
and similarly for Cé3) (N; t), we choose as the solution of the homogeneous equation the two

solutions with exponent 0
AP VBN + ) - u (N) + B2 ud(N + 1), (127)

This procedure determines the constants cfi forO0 <n < N —1andand c(()?l forO<n <N,
with palindromy determining the remaining C?Z for N < n < 2N — 1 (56) and and c(()gzl for
N+1<n<2N+1(57).

The constants A?) and Bf) in (53) are found by using (53) with (56) in the inhomogeneous

equation for C ;3) (N; t) and matching the first two terms in the inhomogeneous terms of orders
tN*2 and tV*3 (which are the same orders as the corresponding indicial exponents (120)). This
generalizes the determination of A? for C? above. Similarly the constants A}’ and B\”

are found using (53) with (57) in the inhomogeneous equation for C(()3) and matching to the
inhomogeneous terms t¥*! and t¥*2. Thus we obtain the results (53)—(54) summarized in
section 2.3.

4.3. Polynomial solution for Cf3)(N; 1)

The computation of C ES) (N; t) has further new features.
The 8th order homogeneous operator Q%S)(N ; 1) of the inhomogeneous equation for
C 53)(N ; 1) has the eight indicial exponents at r = 0

—N+1LLLL2N+1,N+2,2N +2,2N +3,3N +3, (128)

and, as in the case of Q(()S)(N ;1) and Qf)(N ; 1) has a decomposition into a direct sum of
ng) (N; t) and a fifth order operator. However, simpler results are obtained by observing that
5253)(N ; t) is homomorphic to the symmetric product

N43 _ o0 (N+1D)
Sym(02(N), O2(N), O2(N +1), O2(N +1)) - 177 = Q7 (N; ) @ | Dy — - , (129)
which satisfies a 9-th order ODE with indicial exponents at # = 0
—N+L 1,2, N+1,N+2,N+3,2N +2,2N +3,3N +3. (130)
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The solutions with exponents of 1 and 2 are respectively
TV u(N) - ug(N) - ud(N+ 1), V2 ud(N) - up(N + 1) - u (N + 1), (131)

Again, recalling the Wronskian relation (40), we may construct the polynomial Cf3) (N; 1),
similar to the construction of Cf) (N; t), from the linear combination

AP TV (N un (N - u3(N+ 1) + B 7 up(N) - ua(N + 1), (132)

which determines the coefficients cle for 0 < n < N — 1, with palindromy determining the
remaining c?r)l for N+1 < n < 2N (58). The coefficients A?) and 81(3) (132) are determined

in a manner similar to the determination of A(23) and Bf) , by matching to the terms of order
lN+l and IN+2.

Finally the term cﬂ,
and C3(3)(N ; 1) in the coupled differential equation (C.3), giving the result (59).

is computed by using the previously determined results for C§3) (N3 1)

4.4. Determination of K(g3)

It remains to determine the constant KéS) (52), which is easily done by setting t = 0 in (13) to
obtain

1

N —
0=k -,\N+A§f>+T Sy - AP, (133)

Using (44) and (54).

5. The Wronskian cancellation for fﬁ? N(®) and ](\3,3 N@

The polynomials C,(n")(N ; 1) are of order " as t — 0. However, from (21) and (22) we see

that flilz)N (¢) vanishes as t¥*! and f15/3)1v (¢) vanishes as tV*2. Therefore for t — 0, a great deal
of cancellation must occur in (12) and (13). This cancellation is an important feature of the
structure of the results of section 2.2 and 2.3.

To prove the cancellations we note that the nth power of the Wronskian relation (40) is

DB < j )‘ﬁ;; Qua(N + Dy (NI - la (N (N + DY =1, (134)
=0
or alternatively,

" . nj S
Sy (’;) Bl [M] Ny PR =1 (135)
j=0

Thus, by defining Y to mean equality up though and including terms of order ¥ we see
immediately from the form (12) with (42) for K(gz) and (46), (47) and (49) for the ¢? with

m,n
0 < n < N that the terms though order ~in fzﬂv (1) are

2 2—j
N 2\ i [uaN+1D)7T o
Wy E S =D (J.)-ﬁ/v-[%] WY FYIFL L (36)
j=0

which vanishes by use of (135). This derivation has made no use of cgzj)v This term contributes
only to order tV*! and may be determined from the normalization amplitude (21). This provides
an alternative to the derivation of (48) of appendix B.
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To prove the cancellation for f]ff)N (t) we note that, because of the term C{?(N; ) in
CO(N;t) form =0, 1,2 in (53), we may use the expression (12) and (42)—(49) for f(z) (1)

in the form
2
D CPN:t) - Fy"F = oy (@ — (137)

m=0
Thus from (13), (10) and (137) we obtain an alternative form for fy’ = (@) of

N ~ —m rm
) (z)_{ T ) (t)}- ,f,{),v(t)+tN/2-ZC,(n3)(N; 1) F3™Fm (138)
m=0
where
2N+1—m
3 2
Cf,,(zv;r)=<—1>"+‘~§-(’;)'ﬂx-m~ Z e 1" (139)

We have already demonstrated by use of (136) that Iy (2) () vanishes though order .
Therefore, using the expressions (55)—(58) for cm
order #V and the definition (10) of f o ~ () we find

3) ; .
V(D) y 2 o PN e
sz/z = 3hwFy 1—2(‘“]'(1)%' [M] ux(NY - F3TFLL L

j=0 !

Wthh are all valid through (at least)

n

(140)

which vanishes by use of the Wronskian relation (135) with n = 3.

We have thus demonstrated that fy ) v (2)/tV/? vanishes to order #¥ as t — 0. However
we see, from the original integral (18), that in fact fy 8 v (0)/tV/% is of order tN*2. Therefore
the coefficient of #¥*! must also vanish. This is not proven by (140). However the coefficient
cﬁ)\, has not been used in the derivation of (140) and the choice of C(I?V to make the coefficient

of t"*! vanish provides an alternative derivation of (59).

6. Factorization for f(") withn > 4

In principle the methods of differential algebra of the previous sections can be extended to form

factors f ) ~ () with n > 4. However, the complexity of the calculations rapidly increases.

For f,f,z','\) (¢) there are 2n + 1 polynomials C,; (2n) (N'; ¢) and since from [15] we find that for

N>1
Lopsi - L fan (@) =0, (141)

where Ly is a linear differential operator of order &, the polynomials C2" (N; t) will satisfy
a system of 21 + 1 coupled differential equations where the maximum derivative order is n’.
These equations can be decoupled into 2n + 1 Fuchsian ODEs which generically have order
n?Q2n+1).

Similarly for f(2"+l)(t) we found in [15] that
Lo -- 2 fan (@6 =0, (142)

and thus the 2n + 2 polynomials C>**1(N; t) satisfy inhomogeneous coupled equations of
maximum differential order n(n + 1) which for N > 1 are generically decoupled into Fuchsian
equations of order 2n(n + 1)2.
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We have obtained for f]f,‘f)N () the 20th order ODEs for CW(N;1) in the cases
N = 1,---,10 and will illustrate the new features which arise by considering the case
m =4.

We find by use of Maple that (at least for low values of N) the operator fo)(N ;1) has a
direct sum decomposition

QP (N 1) = MP(N) @ ME)(N) @ MY (N) ® My (N), (143)
where M 24; (N) is order k and is homomorphic to the symmetric k — 1 power of O,(N)

MP(N) - P (N3 1) = GSP (N3 1) - Sym® (0, (N)), (144)

ME W) - JP N 1) = GP(N; 1) - Sym* (02(N)), (145)
4) _ 4

M5 (N) = Sym*(02(N)), (146)
C) . @ 2

MP(N) - Jo(N; 1) = GV (N5 1) - Sym*(02(N)), (147)

where the intertwinners J,ff) 2;t)and G f:,‘ )(2; t) are linear differential operator of order . The
intertwinners J ¥ (2; t) in (144)—(147), are explicitly given in appendix F. Further examples
of intertwinners are given in appendix F. These differential algebra exact results (in particular
(144)—(147)) are the illustration of the canonical link between the palindromic polynomials
and the theory of elliptic curves.

Direct sum decompositions® have been obtained for fo) (N;1), Q,(,f) (N;t)and ij )(N; t)
and we conjecture that this occurs generically for all QU (N;t). Taking into account the
homomorphism of O,(N;t) and O,(N + 1;t), and recalling, for instance, subsections 4.2
and 4.3, it may be easier to write direct sum decomposition formulae in terms of sum of
symmetric products of O,(N;t) and O,(N + 1;t). In order to extend these results, beyond
these few special cases of Q¥ (N t), a deeper and systematic study of the homomorphisms
is still required.

From an analytical viewpoint, a complication which needs to be understood is how to use
the solutions of the homogeneous operators Q" (N; 1) to obtain the polynomial solution of the
inhomogeneous equations. The first difficulty here is that for C&(N; t) the inhomogeneous
terms are large polynomials, of order 100 and higher. Moreover, the orders of palindromy
point of the Cf) (N;t) with N = 1,...,10 are all larger than the order N where the
solutions of the homogeneous operators M,Eﬁ (N; t) have their first logarithmic singularity.
Consequently linear combinations of solutions must be made which cancel these logarithmic
singularities at tV** to give sets of solutions to 5224) (N; t) which are analytic up to the order
of the first inhomogeneous terms. Thus the determination of the correct linear combination
of solutions of the operators M,f,)l(N ;1) is significantly more complex than was the case

for Cf,?(N ; 1). Exact results for the C;4) ’s, based on the Wronskian cancellation method of
section 5, and valid for any value of N, are displayed in appendix G. These are exact results for
the palindromic polynomials in terms of Fy and u,(N), namely two hypergeometric functions
associated with elliptic curves. Thus, these analytical results can also be seen as an illustration
of the canonical link between our palindromic polynomials and the theory of elliptic curves.
They confirm the deep relation we find, algebraically and analytically, on these structures with
the theory of elliptic curves. In a forthcoming publication we will show that the relation is in
fact, more specifically, a close relation with modular forms.

5 Note that in direct sum decomposition like (143), some ambiguity may occur with terms like Ms(?l) (N)&® M;A_‘Z) (N)
where Ms(ﬁ) (N) and Ms(fg (N) are both homomorphic to a same operator (here Sym4(02 (N))).
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7. Conclusions

In this paper we have proven the factorization, for all N, of the diagonal form factor f 1\(,'53\,0)
for n = 2, 3 previously seen in [15] for N < 4 and provided a conjecture for n = 4. Besides
new results like the quadratic recursion (51), or non trivial quartic identities (like (55)—(58)),
one of the main result of the paper is the fact that, introducing the selected hypergeometric
functions Fy, which are also elliptic functions, and are simply related to the (simplest) form
factor f,f,l’)N, the form factors actually become polynomials of these Fy’s with palindromic
polynomial coefficients. The complexity of the form factors, is, thus, reduced to some
encoding in terms of palindromic polynomials. As a consequence, understanding the form
factors amounts to describing and understanding an infinite set of palindromic polynomials,
canonically associated with elliptic curves.

We also observe that all of these palindromic polynomials are built from the solutions
of the operator O,(N), and, therefore, are all properties of the basic elliptic curve
which underlies all computations of the Ising model. There is a deep structure here
which needs to be greatly developed. The differential algebra approach of the linear
differential operators associated with these palindromic polynomials is found to be a
surprisingly rich structure canonically associated with elliptic curves. In a forthcoming
publication, we will show that such rich structures are closely related to modular
forms.

Analytically, the conjecture and the Wronskian method of logarithm cancellation can
be extended to large values of n, but the method of proof by differential equations becomes
prohibitively cumbersome for n > 4. This is very similar to the situation which occurred
for the factorization of correlations in the XXZ model where the factorizations of [19-25]
done for small values of the separation of the spins by means of explicit computations on
integrals was proven for all separations in [30] by means of the gKZ equation satisfied by
the correlations and not by the explicit integrals which are the solution of this equation. This
suggests that our palindromic polynomials may profitably be considered as a specialization
of polynomials of n variables. Moreover, if the two conjectures presented in the introduction
are indeed correct, then such kind of structures could also have relevance to the 8 vertex
model and to the higher genus curves which arise in the chiral Potts model. Consequently the
computations presented here could be a special case of a much larger modularity phenomenon.
This could presumably generalize the relations which the Ising model has with modular forms
and Calabi—Yau structures [31].
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Appendix A. Form factors in the basis Fy and Fin.q
By use of the contiguous relations for hypergeometric functions the examples given in [15] of
fj\(,'f;,(t) expressed in terms of the elliptic integrals K (¢'/?) and E(¢'/?) may be re-expressed

in terms of the functions F and Fy,;. Several examples are as follows

t
00 =7 Fo Fi. (A
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1 32 3¢
1""3_ (r+1)(2z +14+2)- F2+ 25-z-(4t2+5t+4)-F1-F2—7#(;+1)-F§,

(A.2)
1
2 =1- 26 (04 D64 + 161+ 99r% + 161 + 64) - F}
2
* 553 -1+ (64t* + 881> + 10512 + 881 + 64) - F» - Fj
4
2 2 2
—27.324 S+ DQtT+t+2) - F5, (A.3)
(2) 3 1 6 5 4 3 2 2
=573 (1 + 1)(5761° + 9617 +730¢* + 425> + 73012 + 96t + 576) - F;
2
212 3 t(768t +928¢ + 1240¢* + 14551 + 124012 + 928t + 768) - F3 Fy
4
—553 2t + 1)(64t* + 166% +991% + 161 +64) - F}. (A.4)

For fyy With N =0, ---,4
@ _ 1 m 1 30 1 )
foo = 55 Joo =5z +0D - Fo + 55t Fo” - (A.5)

3 )
2 1
A 734 +0)2 + 131 +2%) - FY

32 2 2 34 2 2 35 3 3
+ Et(St +15¢t+8) - F1° - F, — gt t+D)F Fy + ﬁt - By, (A.6)
f(3) 7 (1) 1
222 L 022 (1 44)(25-3 71 + 113663 +3229¢% + 1136 + 1344) - F>°
t 2.3 ¢ 2103
52
+ 5l (237 #5961 +8501 + 5961 +2° - 3%) - - Fy
5 56
—210—32(t+1)(3t2+4t+3)t -Fy- F}+ t(3t +8t+3) - F3°, (A.7)
Qs A

1
SE=3 an 2“—34@ +1)(27 - 3%. 5215 +496807° + 153 306¢* + 1604271

+ 1533061% + 49680 +27 - 3* . 5%) . F;
2

+ 216,33

+ 128 1041% + 79200 +2'° . 32.5) . F} . F,
4

T 016,33
76
+ 221—34;3(26 -5¢% +740¢° + 1407¢% + 7401 +2° . 5) - F2, (A.8)

1219325t + 792001 + 128 1041* + 168 59313

——(t+ 1)*(2* - 32 .5 + 6706 + 1763t + 670t +2* - 3% .5) . F3 - F}
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fid 13 fid 1
12 6 1 222.3
+204232317* + 86720321 + 11474 6241% + 3254272t +2'4.5.7-13) - F}

’{
T 5 s
+ 8865 649r* + 7068 7201 + 4845 1201* + 33349121 +2'2.3.52.7) - F} - Fs

6
T 220,53
+ 6937712 +26292t +2* .32 .5.7%) . F, - F?

8
+ 220 . 53
+284132+2% .33 .7 111 +2°-.3%.5.7) . F3. (A.9)

The coefficients which are not given in factored form all contain large prime factors.
For fy'y with N =0,1,2,3

(t+DQ2"™-5-7-13:% +3254272¢7 + 11474 6241° + 8672 03217

1(2"%.3.5%.7¢% +3334912¢7 + 4845 120¢° + 7068 720¢°

— 2@+ D325 745 + 26292 + 693771 + 78 580¢°

£323-3%.5. 70423 .33 .7 1187 +28413¢* + 4643243

1 1 1
@) )
00 =3 foo 22'3-t-F5‘+2—5-t~F02-F12, (A.10)
1 5
“ @
= "n 3tz t - Fy
3
— ?r(r +1)(8t* + 1817 +35¢2 + 18t +8) - F{ - F»
34
o 17 (81* + 2813 + 4517 + 281 + 8) - F7 - F
> 3 2 3 3
—ont S(t+1)-(@t7+11t+4) - F - F + it Y2+ 4+ 1) - F (A.11)
4) _ 1 22 (2) 14 10
=5t ot (214119 + 409607° + 84 480¢% + 136 64077 + 176 180¢°
373 2 214 3

+ 2010757 + 176 180t* + 136 6401° + 84 480¢% + 40960t +2'%) - F;
2

— ﬁz(r + 1) (258 + 1331217 + 29 5041° + 36 320¢° + 45337¢*
+ 363201 +295041% + 13312t +21%) - F; - F3

+ St 2(221% + 1126417 +217601° + 31 5761 + 36 209¢*

+ 315761% + 217606 + 112641 +2'%) - F} - F}

56
— g £ DEMO + 4801 + 9061 +979r +9061° + 4801 +2°) - Fy - F
* oE t4(2%1% +961° + 177t* + 22413 + 1771 + 961 +2°) - F}, (A.12)
w_ T, 1 o, (213,347 4 10838 016¢'3 + 19 643 90412
337 937 9.3 7337 916,34

+ 34169 856:'! + 50403 5841'° + 62791 6807° + 73 309 425¢% + 79935 700+’
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+ 73309425:° + 62791 680> + 50403 584+* + 34 169 8561> + 19 643 904>
+ 108380167 +2" .3*.7) . F}
2
219 34
+ 1934112078 + 2139909017 + 24 976 435¢° + 21 399 0907° + 19 341 120¢*
+ 13813 1207° + 95477761 + 4257792t +2'* . 3% . 7). F} - F,
74
+ 225 . 35
+ 21863 12078 + 2632596017 + 28 527 015¢° + 26 3259607° + 21 863 120¢*

+ 15992320¢% + 9680 3841 + 4988 9281 +2' .32 . 7) . F} - F}
6

—t(t+ D" 33 7112 + 425779241 + 9547 77610 + 13 813 120¢°

2. (25327112 + 4988 928¢!! + 96803847 + 15992 320¢°

- Wﬁ S+ DM 371194501 7607° + 1191 6807% + 1548 64017

+ 2065400¢° + 2169 7451 + 2065 400z* + 1548 6407°
+ 1191680t + 501760t +2'*-3.7) - F; - F;
78
231
+ 339180t +299555¢* +235040¢% + 14784062 + 71680t +2'2-7) - F.  (A.13)

(212710 471 680¢° + 147 8401 + 23504017 + 299 55515

For f\y with N = 1,2,3
(5) (1) (3)
1,1 22 1,1 1,1

s s 1 6 6 5
e TS (z+1) (29 +1361% + 15917 + 1361 +2°) - F;

3
— F:(r + D+ 80t3 +9972 + 80t +2°) - F!' - F,

33

+ =17 (27 + 3687 +4831% + 368t +27) - F} - F
35

— —t3(t +1)@* +5t+4) - F2 - F;

9

37 3
+ —t (St +13t+8) - F; - 2 o5 s

215 S+ P F, (A.14)

2.2 137 2(12) 3 f(S)
[ — J— . — +
2.5 ¢t 2 ¢

812+ 7t +8)(2° - 3-61¢% + 24185617 + 508 200¢° + 708 6097°

+ —_—

218.3.5

+ 7802441* + 708 609¢° + 508 200¢* + 241856t +2° - 3 - 61) - F;
2

2]8 32

+ 868 8611* + 7239241 + 540 5761 + 239 360t + 92 160) - Fy' - F3
4

220 33

+ 112243243 + 743 3041% + 338 8161 + 90624) - F>° F3?

6

5
Too17 34

———1(t +1)(92 16013 + 239 360" + 540 5761° + 723 924+°

———17(90 6241% + 338 81617 + 743 304:% + 1122432¢° + 1278 697+*

———— 13 + 1)(13921% + 40107 + 69831 + 8136¢°
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+ 6983t% + 4010t + 1392) - F3 - F;
8

+ 5% 35 1*(6841° + 275217 + 51611* + 62401 + 51611% + 2752t
+684) - F, - Fy
21959361‘ (r + 1)(426* + 13362 + 167t> + 1331 + 42) - F3, (A.15)
B2 3.5 ,3/2 32
+ ﬁ(z16 -3%.5.171" + 1377976 3201 + 3016 452 0961 2

+ 5930641920 +9308313280¢'° + 12328 157 240¢° + 14 834 544 515¢8
+ 1584984329217 + 14 834 544 5151% + 12328 157 2407° + 9308 313 280¢*

+ 59306419207 + 3016452 096¢% + 1377976 320t +2'° . 3*. 5. 17) . F3
2

T 02235
+ 605214 208¢” + 83569220815 + 1025976 166t + 1112 168 875¢°
+ 1025976 1661 + 835 692 208¢* + 605 214 2081 + 351000576 12

+ 151511040t +2' -3 .5) - F} - F,
4

—tt+ 12" 3% 5:2 + 151511 040" +351000576¢°

tom st (2037517 4+ 5721292801 + 1334317056110

+ 2446757 8881° + 3545 541 88818 + 4425343 7761 + 4784 608 975¢°
+ 4425343 7761° + 3545 541 8881+ + 2446757 8881> + 1334317 0561>
+572129280r +2'%.3%.5%) . F} . F}
6
T 927,35
+ 9666 130¢° + 10423 5451° + 9666 130r* + 7228 04813 + 4885 888>
+ 2007040t +2".3.5.7) . F§ - F}

— @+ DB 3571942007 040:° + 4885 8881% + 7228 04817

+ o gst 215130104+ 36659201 + 9078 841" + 15 185 664

+ 20375540¢° + 22 605 18577 + 20 375 540¢* + 15 185 6641 + 9078 7841>
+ 3665920t +2'4.5.13) - F3 - F}

10
T 9235.35.5
+ 4364411* + 31990413 + 267 13612 + 1049601 +2'% . 5) . F. (A.16)

P+ DR 58 410496017 + 267 136¢° + 319 9047°

Appendix B. Polynomial solution calculations for Ciz)(N ;1)

We here give explicitly the calculational details for C 52) (N;1).
Using the form (43) in the inhomogeneous equation (83) we find the recursion relation
for the coefficients c(lzzl forn #N,N+1,N+2, N+3

2n-(n—N)Yn—2N—1)-c? —(2n° —6Nn®> =24+ N —2N>)n+5+6N} - ¢

1;n 1;n—1
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— {20 — 6(3 + N)n® + (46 + 34N +4N*)n — 35 — 38N — 8N?} - ¢} _,
+2(n —2)(n —2N —=3)(n — N = 3) - ¢} _, =0, (B.1)
2

where by definition ¢, = 0 for n < —1. This recursion relation has four terms instead of the

three terms in the corresponding relation (92) for cle We note that, if wesendn — 2N —n+3

) 10)) @
1

in (B.1), we see that ¢, and c,y_, satisfy the same equation. Since the coefficient of ¢,

vanishes for n = 0, the term c% is not determined from (B.1) and by convention we set
D=1,

Following the procedure used for Cf) (N; t) we note that equation (84) will be satisfied

to order # if we choose the 6523, for 0 < n < N — 1 to be the corresponding coefficients in
= uy(N; 1) - us(N + 1; 1) and hence (47) follows.
The inhomogeneous recursion relations forn = N, N + 1 are
AP{—QN?+2N —5) -\ _ + (BN*+8N —35) - ¢\,
—6(N —2)(N +3) - ¢’y _;} = —2N?(2N + D*13, (B.2)

AP[2N(N +1) ¢ — N +1)2 -2,
F(6N>+6N —5) - cy_| +4(N + (N — 1) - )]
QN + 1)2(4N° +4N> — 4N — )22,

- 4N +1) ’ (B.3)

and the relations for N+2, N+3 are identical with N, N+1, respectively, with the (palindromic)
replacement

2 (2)
Cl;N—m - Cl;N+m' (B4)

If there were no inhomogeneous term (B.2) would be a new constraint in the coefficients
cizl)l forn = N—1, N -2, N —3. However this constraint does not hold (because the solution

to the homogeneous equation has a term ¥*! In¢).
The normalizing constant Aiz) can be evaluated from (B.2) and the sum on the LHS of

(B.2) is evaluated the same way the corresponding sum was for Céz) (N; t), by comparing with
the full solution ¢~ 'us(N; 1)ua(N + 1; t) of the homogeneous equation. Thus we find

—(@2N?+2N = 5) - ¢y _ (N) + (8N* + 8N — 35) - c{7)_,(N)
—6(N +3)(N —2) - ¢\ _5(N) = —2N*(N + 1)A3, (B.5)
and, hence, we find from (B.2)

AP = Npy. (B.6)

It remains to compute cﬂ, from (B.3). We obtain the palindromic solution by requiring

that c?;\, = Cf;\/—l and thus (B.3) reduces to

QN + 1% ey + AN2+4N = 5) -2\ +4(N +2)(N — 1) - ¢’y _,

2N + D2(AN3 +4N?2 — AN — 1)A2
:_( )( )N' (B.7)
4(N + 1)
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An equivalent and more efficient method for evaluating c1 N, which avoids the need to evaluate

the sums on the lhs of (B.7), is to directly evaluate Cf )(N, t) in terms of Cf) (N; t) by use of
the coupled equation (82). From this we find
N—1
ciy(N) =23 + D aw(N) - ay_1«(N), (B.8)
k=0

and, by explicitly evaluating the sum in (B.8), we obtain the result (48). Finally, the ¢, @ for
N +1 < n < 2N are determined from the palindromy of (B.1).

Appendix C. Coupled differential equations for C)(IV; )

The four coupled differential equations for C>) (N t) are
_ 2N +1 _ C(3)(t) _ (N+1)Q2tN+1+1)
2-.¢c—Dr 2-Q2N+ D —1)
(N +1)2Q2tN +3)
22N + D2(t — 1)
IN+2t—N—1 ~2C(3)(t)+2

(t— 1t dr °
(N+D?¢N-N+1) d
1 — 1)(2N+ 12 dr

P )

(N+1)3N —1+3)
(t— DN + 132
(N+1D)(N—-N+1) d
tt—1)R2N+1) dt
(N+ 13N -N+2—1)
tQN+1)3(—1)

P -8 c (0

(3) (1)

cPw)+8

S N+1 @ (N+1)2
Lo+ —C(3) =¥ ra—— . — P
@ OF O+ 2851 a2 O oy @@ @
PG “)(z)_ N=1. QN +1) - By(N), (C.1)
(N + 1) dr? 1!
N+1QN +6tN +3t+2 N+ 1)2(4tN +4N +5+1¢
_2( = )(t2(2]4\-/+1)2+ * )~C§3)(I)—8( s )t§(2N11)3+ . )'C§3)(t)
(N+1PO6N+2N+9—21) 3
24 TSI . C§ (t)+6 Gy
(N+1D)GIN+N+3t+1) d
4 - .—CcP )
t2N + 1) dr
N+ 1D?QCN+4tN+t+4) d
+8( + 172N + 3+ + ).—cf)(z)
12N + 1) dr
(N+1) (N+N+3-1) d t—DWN+1D d?
. —CP N +a————— =P 0
t2N + 1) " dr (2N + 1) dr
(N+D*r—1) @ o (N+1?@c—1) @ o
16— +48— ‘> 7
* (2N + 1)} wc O (2N + D)* Pl
3
= EtN*I (2Nt +t+4tN — 2N — 2N?) - By(N), (C.2)
N+DQN+2—1) g t—DWN+1) d g
)+ 4 O+ A =Y
CO AT N T » Oy ae @
SN+ D 2(12N% — 161N — 262N + 30N + 22 +18 — 171) 3,
QN+ )2 GO
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_ 2 _
+8(1‘ DN +1)*CN +5N —t+5) -iC§3)(t)
t(2N + 1)* dr -
gU DN +1? & 3eN+D?

B =
(2N + 1)* dr2 3 ® 4 (N+1)

N1 Bo(N), (C.3)

(N +1)@N +2tN +4 — 1)
t(2N +1)2
UL 1)2(4N2 +8N%t — 102N + 10tN + 12N — 1 — 4% + 8)

(2N + D)2
bag Mt 1)3(4N? — 202N — 10N + 16N + 262 + 13 — 14¢)
(2N + 1)5¢2

6-CO(1)+4 CP )

)

- (1)

s DD ic{”(t)
QN+1)? dt

t— DN +D>5tN +3N+2t+3) d
16T = DN+ 1D7(5IN +3N +21 + )-—Cf)(t)
t2N + 14 dr

3 _ _
Log N H D= DEN +3N +4 t).ics)(t)
12N + 1) dr
t—1D2N+1D> & 4 t—1D2N+1)3 & 4
+16—(2N+1)4 336 (t)+96—(2N+1)5 37670
=3t BN —1)+2t — 1) - By(N), (C.4)

where By(N) is given by (111).

Appendix D. The ODE and recursion relation for Cgs)(N 3 t)

The ODE for C ;3) (N; t) can be found by carefully using the four coupled ODEs (C.1)—(C.4).
First use (C.3) to solve for C 53) (N; t) and then use this is in equation (C.4) in order to solve
for CSS)(N; t). Next, use both C(()3)(N; t) and CP) (n; 1) in (C.1) and (C.2) to produce ODEs
of orders four in CS) (N, t) and five in C§3) (N;t) in (C.1) and orders three in CS) (N;t) and
four in C{(N; 1) in (C.2).

In the new (C.1), the fourth derivative of Cf)(N ; 1) can be solved in terms of the other
derivatives, and likewise in the new (C.2), the third derivative of Cf) (N; t) can be solved in
terms of the other derivatives. Taking the derivative of the expression for the third derivative
of C§3)(N ; 1) and equating it to the expression for the fourth derivative of C§3)(N i1) we
find an alternate expression for the third derivative of Cf) (N;t). Finally, equating the two
expressions for the third derivative of C§3) (N, t), a full cancellation of all of the derivatives of
C§3> (N; t) takes place, leaving a fifth order ODE in terms of only Cf) (1)

4[2(N — (2N + 1)(3N + 1)(N + D)t* — (2N +3)(36N* — TN? — 69N — 32)¢°
+4(N +2)(36N* — I0N? — 116N — 69)t*
— (2N +5)(60N> —23N? — 275N — 188)¢
+18Q2N +3)(N +3)(N = 3)(N + )] - (1)
—8[(N — DN + D3N + 1)(N + D¢*
— (—130N + 40N> — 47 + 24N* — 13N ?)¢*
+2(18N* — 129 + 45N> — 113N? — 270N)¢?
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— (=253N? — 422+ 24N* — 740N + 80Nt
d
+(N + 1)(6N* + 19N> — 114N —21D)] - 1 - 5C§3)(’)

+20(t — D2N(N = D(N +1) - > —=3(2N> —4N? — 8N —3)
12 +3(=13+2N> — 8N? — 24N)1]

d2

J— — . 2 . —

2N —9)(N+2)(N+1D)]-¢ )

+40(t — D?[(N = D** — 4N + 1+ 2Nt

3
+(N+5)(N+D]-13. d—3C3(3)(t)

cP )

dr
—40(t — 1D’ [(N — 1)t — N — 1]¢* d4C(3)t)+8t—l4 £ dSC(3)t
( ) [( Tga s ( ( )" TR (3]
3(12—1)- N22N + 1)°
_ =D NONFD? s gy, (D.1)

(N +1)3
From this differential equation we obtain the recursion relation for the coefficients c?i

and the normalization constant Af) defined by the form (53), where by definition cffl = 0 for
n<-—1

AL 812N — n)(N —n)(N +n)(3N —n) - ¢§) + 42N +1 = 2n)(2 — Tn
+7N — N? +4n* — 12N® — 8n® + 24N>n
—4N?n + 11n? + 4N?n* — 16Nn® + 24Nn* — 22Nn) - ¢, _,
—16(N +1—n)(9 —22n+ 22N + N? +3n* — 18N> — 120 + 18N*n
—6N%n +23n% + 3N?n? — 12Nn® + 36Nn* — 46Nn) - ¢\ _,
+4(2N +3 —2n)(32 — 69n + 69N + TN? + 4n* — 36N> — 24n° + 24N°n
—12N%n + 5912 + 4N*n® — 16Nn® + 72Nn* — 118Nn) - ¢

3:n—3
—8(n —2)2QN +2 —n)(N+2—n)(N —2+n)3N +2—n) - c5)_,}
32N +1)°
= (8u,y — Su.N42) - TNAD By. (D.2)

We note by sending n — 2N — n + 2 that cgz})l and C?%N—Z—n satisfy the same equation.

Forn = 0 (D.2) is identically zero for any c§3()) which we set equal to unity by convention.

For 0 < n < N — 1 the rhs of (D.2) vanishes and hence the c?l)l are identical with the
coefficients (118) of the solution (116) ot the homogeneous equation.
For n = N the coefficient of cg\, vanishes, and thus if there were no inhomogeneous

term, the coefficients cle forn = N —4,N —3, N —2N — 1 would have to satisfy a non
trivial constraint. This constraint does not, in fact, hold and is the reason that the homogeneous
equation has a term tV*3 In . However, with a nonvanishing inhomogeneous term, the equation
for n = N determines the normalization constant.

For n = N + 1 the equation (D.2) reduces to

8(N + 1)(N — DN + DN — 1) - (¢, — ¢S v_s)

—8Q2N + DN — DN = 1) - (c§y — cSy_n) =0 (D.3)
which will be satisfied by the palindromic property
Csin = C3an 2 (D4)
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withn = N + 1 and n = N. Finally, the c§3,)1 for N < n < 2N — 2 are determined from the
palindromy of (D.2).

Appendix E. Homomorphisms for C((,"’)(N ;t) and C§3) (N3 t)

The fifth order operator Mé3) (N; t) in the direct sum decomposition (122) of QE)S) (N; t) has
the homomorphism (in terms of the operator L,(N))

MP(N) - JP(N; 1) = G (N3 1) - Sym*(La(N + 1)), (E.1)
where the intertwinners JO(3)(N ;1) and G(()3)(N ;1) are:
dIn(R%
J()(3)(N;t):tN+1-(t—l)-t-(D,— nét ))
=" (¢t =1)-t-D,— 2N +2(N + 1)), (E.2)
dIn(R?
GOWNiy ="t —1) -t ( n( )) (E.3)
dr
where
R[f\x] — (l _ 1)2(2N+1) . t—2(N+l)7 (E4)
t4+ 1)@ — -3
Ry = trDe =7 (E.5)

t2N+6

Py=@AN+3)- BN +2)- (1> +1) +2(20N> + 15N +2) - t
=@N+3)-BN+2)- (1 + 1)’ +4QRN+1)(N—=1)+N)-t.  (E.6)
The homomorphism for M2(3) (N;t)is
MP(N; 1) - IO (N 1) = GE (N 1) - Sym* (Lo (N +1)), (E.7)
where the intertwinners 12(3)(N ;1) and G?)(N ;1) are
JPWN:ty=t"2 (= 1)-t- D, +2(N +1) -1 +2N), (E.8)

(E.9)

GOty =2t —1) -1 (D, dIn(Ry (—(N + 1)))>

dt
where R? is exactly the R% in (E.5).

Appendix F. Homomorphisms for QL")(N 3t)

Many exact results have been obtained on the intertwinners occurring in (144), (145), (146),
(147). Let us display the simplest ones.
For JO(4)(N ; 1) we have

I =22 t+1)- Q2 +1+2),
PGty =12 (1 4+ 1) - (641* +161° +991% + 161 + 64),
P @0y =12 (1 + 1) - (5761° +961° +730r* + 42513 + 73012 + 961 + 576),
PG =12 (0 +1) - (163841° +204817 + 192641
+66081° +288617* + 66087> + 19 2641> + 2048t + 16 384). (E.1)
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For J1(4)(N ; 1) we have
220020 =@ —1)- I @0 - D=2t - (10* 4263 — 56 — 4),
64t - JPGn =0 —-1)- PGB0 D,
— 2t - (44815 + 321 +951* — 220¢> — 1121 — 128),
576 -1 J P40 =@ —1)- I @ 1) - D,
— 21 - (518418 + 19217 + 4061 + 1148:° — 24711> — 12881 — 8641 — 1152),
163841 JY 5= —1)- 1P G0 - D,
— 21 - (1802241'° + 4096¢° + 748813 + 151681” + 41 307¢°
— 83454t — 4411213 — 2995212 — 225281 — 32768). (F.2)

Finally, the simplest J2(4)(N ; 1), namely J2(4> (2; t) reads:

1600 120 =8¢ — 12 JPQ@0) - D —t-(t = 1)
- (432¢% + 80> — 99¢% — 240¢ — 208) - D,
+3(10407° — 1176¢* — 23313 — 10072 + 1681 + 256). (E.3)

Appendix G. Exact results for the CY’s

The f,f,‘f)N (t)’s have a new feature not previously seen. The inhomogeneous terms on the
ODE’s for C,Sf) (N;t)and C,,(f) (N; t) begin at tN** where a is 0,1 or 2 depending on the values
of m. Therefore, to the order needed for the polynomial solution, the logarithms in the solution
u(N) never can contribute. However, for f ,E,‘PN(N ; 1) the order of the inhomogeneous terms
grows as >V instead of V. Therefore, since logarithms occur in u,(N) at order t¥*! in order
to find the polynomial solution to the 20th order inhomogeneous equation in terms of the
solutions of u,(N) and u(N), we need to find linear combinations of solutions of the terms
in the direct sum decomposition which cancel these logarithms.

This procedure for solving the inhomogeneous equations is too cumbersome by itself to
obtain explicit results as was done for f, 15,2)1\, (t) and f, 1\(,3)1\, (t). However, when the cancellation
of logarithms is combined with the Wronskian cancellation method of section 5, it is
possible to conjecture results for CY(N;t) which have been verified to satisfy the 20th
order inhomogeneous equations through N = 10:

@ 2+ k. uj(N +1) w4 o u*>(N +1) .\ 2 [ @ us(N +1)

C
12 3

. K G o =~ 2P

w2(N +1) - us(N) wI(N +1)
O VRIS of -FNH}
t t
N2 3(N+1
T3 -ﬂN-uz(,4 )'IN+2~FN+1, (G.1)

u3(N + Dua(N)
N A A

@) 2N+l , =)
C] = 4 . KO . /3 t3

@ wa(N+1)-us(N) .
0 t 12
ur(N +1) - u%(N)
t

o 4
+K(§4)-N~|:2ﬂN-C

Fno + 2C§2)

2
+5 [6/3,2\,~C(()2)-
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W3(N + 1) WB(N +1)
2 T Fy _ch) . 2t—3 ) FN+11|

13
- [ﬂw BWED et gy a3y GNED 00D e, FN+1] ,
(G.2)

CO W g g WA 2 (u3(N) (% R +2)

: [ﬂ% B 2y cp 2D W) N ED 1)]

+§ - [—6;3; - CP - u3(N) - Fyat — 9By - C

N+ D un(N) 6. ug(N: n FN}

t 1

* NTAZ ' [3/3% o A

+3':313v' uz(N+2.u%(N) 'tN+2-FN+1:|, (G.3)
o 2§42 k4. 83 . ur(N +1) - u3(N)

t

o 4 N+ Dus(N
—Ké“).ﬁ.|:5]2V.C}2).u§(N)—2,3N.C§2>._”2( + Dua( )}

t

+

Wi N

: [2/3,@ CP - ud(N) - Fy —2B3 - CP - ud(N)

w2(N +1) - us(N)
- Fy — 6By - €y - =2 2 FNi|

2.

B NTAZ . [3ﬂ;3v Jup(N+ D) - u3(N)

t

3
uy (N
tN+1 . FN +,3;4\] . Z(t )tN+2 . FN+1:| ,

(G4)

AN+ 5 . 4
c = —Ké“-ﬁfv-u‘z‘(N)—Ké“)-N-ﬂfv-cf)-u%(N)

@ U(N+1)-us(N)
D
t

2
+§.[ﬁi,.cl(”.ug(zv).szﬁﬁ.c

N2
Fy+ B0y u%(N)} + By B (N) M Fy (G.5)

In order to construct the full C, the expressions above are series expanded up to the order of
palindromy, with palindromy determining the rest of the terms. The palindromy points of the
C,(j) are given as follows: m =0:2N+1,m=1:2N+1,m =2 :2N+2,m =3 :2N +2,
m = 4 : 2N + 3. Therefore, the expressions above give all terms to all C except for the
middle term of Cé4) at order 2N + 2, which is determined such that all terms in f; 15,4) cancel up
to and including 2N + 3.
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Note that while these C" guarantee that all terms will vanish up to and including 2N +3,

it is not obvious that the expansion at order 2N + 4 will match the expansion of f W even
though it is the case.
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